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Abstract
The consensus problem has a crucial role in theoretical and practical aspects of interconnected systems, for instance
in smart computing field. This paper is concerned with the observer-based 𝐻∞ consensus problem for a class of
linearmulti-agent systems subject tomeasurement outliers. In the addressed observer-based 𝐻∞ consensus problem,
measurement outliers can affect the estimation accuracy and thus affect the consensus performance. To assuage the
impact ofmeasurement outliers, a control protocol basedon anobserver containing a saturation functionwith variable
saturation limits is proposed. The purpose of this paper is to find a solution to the addressed 𝐻∞ consensus problem
for a class of linear multi-agent systems subject to measurement outliers by designing an observer-based control
protocol such that multi-agent systems can fulfill the 𝐻∞ consensus performance over a finite horizon. With the aid
of Lyapunov theory, the sufficient condition is established to guarantee that the consensus error dynamic system
satisfies the 𝐻∞ consensus performance. Then, the linear matrix inequality (LMI) approach is used to obtain the
desired parameters of the observer-based control protocol. Finally, the effectiveness of the proposed control protocol
is verified in a simulation environment.

Aim: The purpose of this study is to find a solution to the addressed 𝐻∞ consensus problem for a class of linear
multi-agent systems subject to measurement outliers.
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Methods: By choosing a suitable Lyapunov function, the sufficient condition is obtained, which can guarantee the
consensus error dynamic system satisfying the given 𝐻∞ consensus performance. The LMI approach is employed
to design the desired controller. With Matlab LMI toolbox, a numerical example was conducted to demonstrate the
effectiveness of the proposed observer-based control protocol in the simulation environment.

Results: A satisfactory consensus performance can be guaranteed for multi-agent systems subject to measurement
outliers under the proposed observer-based control protocol. The constructed saturation function with variable sat-
uration limits can mitigate the effect of measurement outliers by dynamically regulating saturation limits. Compared
with the traditional observer-based control protocol, in this paper, the proposed observer-based control protocol
shows robustness against measurement outliers.

Conclusion: A solution to the addressedmulti-agent consensus problem subject tomeasurement outliers was found
by designing an observer-based consensus controller. The obtained results can be extended to sensor networks,
neural networks, and nonlinear multi-agent systems.

Keywords: Multi-agent systems, measurement outliers, 𝐻∞ consensus, linear matrix inequality, saturation with vari-
able saturation limits

INTRODUCTION
A smart computing system is usually composed of a number of smart mobile nodes. To maintain the pre-
specific system performance requirement in the presence of certain sudden cases, researchers have employed
many intelligent methods to cope with the computing problem for different types of practical systems. With
the development of science and technology, the study of the smart computing problem for interconnected
systems has become a hot research topic, and much effort has been made in many application fields, such as
smart grids [1]. It is worth mentioning that the consensus problem has shown a crucial role in theoretical and
practical aspects of interconnected systems and has stirred up a wave of research (see [2,3]).

In the past few decades, the research on collective behaviors of multiple networked agents has attracted at-
tention owing to the wide range of practical applications referring to robotics, satellite networks, unmanned
vehicles, sensor networks, and so on. Consensus, as one of the most typical collective behaviors, aims to let the
states of a group of homogeneous or heterogeneous agents in light of the local shared neighboring information
reach a common value [4,5]. Focusing on the consensus control problem, researchers in different research fields
have made great efforts and numerous research results have been published (see [6] and the references therein).
To cater to the robustness requirement of multi-agent systems, the 𝐻∞ consensus problem is put forward in
ref. [7], which is extended to the 𝐻∞ consensus control problem in ref. [8]. Until now, the 𝐻∞ consensus prob-
lem has been studied deeply and many remarkable results have been published (see, e.g., [9–16]). In particular,
the 𝐻∞-consensus control problem under round-robin protocol is studied for a class of linear multi-agent sys-
tems in ref. [15]. Further, in ref. [16], the leader–follower 𝐻∞-consensus problem is investigated for a class of
nonlinear multi-agent systems under semi-Markovian switching topologies with partially unknown transition
rates.

In light of the given network topology, how to design an efficient 𝐻∞ consensus control protocol is a pivotal
issue for the individual agent [17]. Under the state-feedback-based control protocol, one agent in multi-agent
systems, by using its own state information and the state information shared by its neighboring agents, can
make its state converge to a given common state. Because of the simpleness and convenience of design, the state-
feedback-based consensus control problem has obtained widely attention [6,18]. Unfortunately, in practical
engineering, it is sometimes difficult to attain the full state information. Instead, observer-type distributed
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consensus control protocols, as one type of the measurement-based control protocols, have been developed.

In recent decades, the observer-based 𝐻∞ consensus problem for multi-agent systems has attracted a large
amount of research attention, and many remarkable research results have been published in the literature
(see, e.g. [4,19–21]). In ref. [19], a robust yet reliable consensus control law against actuator faults is proposed,
under which the desired control performance can be ensured. In ref. [4], the observer-type event-triggered 𝐻∞
consensus control problem is studied in a finite-time horizon for a class of discrete time-varying multi-agent
systems subject to external disturbances and missing measurements.

In the above-mentioned studies, the impacts ofmissingmeasurements, actuator faults, and redundant channels
onmulti-agent consensus performance have been investigated. In practical applications, it is noted that outlier
is another common phenomenon mainly originating from sensor or communication failures, disturbances
in the environment, human errors, and so on, which will contaminate the measurements and thus affect the
control performance. To mitigate the effect of measurement outliers, several research efforts have been made
(see [22–26]). For example, in [22], a novel observer including a saturation function with variable saturation limits
is constructed. Based on the results, the state estimation problem for neural networks is studied in ref. [23] and
the fault detection problem is considered in T-S fuzzy system in ref. [26]. In addition, the method proposed for
outliers detection in wireless sensor networks has been studied, which is implemented within a hierarchical
multi-agent framework in ref. [27]. It is worth mentioning that the 𝐻∞ consensus control problem based on
such a novel observer for linear multi-agent systems has not yet gained adequate attention, and this constitutes
the main motivation of this paper.

Based on above discussions, in this paper, the observer-based 𝐻∞ consensus problem is studied for a class of
linear multi-agent systems subject to measurement outliers. The main contributions of this paper are summa-
rized as follows: (1) measurement outliers are considered for the first time for linear multi-agent consensus control
problem; (2) a saturation function with variable saturation limits is introduced to the observer; and (3) a novel
observer-based control protocol is proposed, under which linear multi-agent systems subject to measurement
outliers can achieve 𝐻∞ consensus performance over a finite horizon.

PROBLEM FORMULATION
Consider a multi-agent system with 𝑁 agents under a fixed network topology. Let Ĝ = {V̂, Ê} be a directed
graph including a node set V̂ = {1, 2, . . . , 𝑁} and an edge set Ê ⊆ V̂ × V̂. If an edge exists between nodes 𝑖
and 𝑗 , we denote (𝑖, 𝑗) ∈ Ê and node 𝑗 is called a neighbor of node 𝑖 and vice versa; if no edge exists between
nodes 𝑖 and 𝑗 , it means (𝑖, 𝑗) ∉ Ê. LetN𝑖 denote all neighbors of node 𝑖. Moreover, define the Laplacian matrix
L = [𝑙𝑖 𝑗 ]𝑁×𝑁 with 𝑙𝑖 𝑗 = −1 if (𝑖, 𝑗) ∈ Ê, 𝑙𝑖 𝑗 = 0 if (𝑖, 𝑗) ∉ Ê, and 𝑙𝑖𝑖 = −∑𝑁

𝑗=1 𝑙𝑖 𝑗 .

Consider a discrete linear multi-agent system with 𝑁 agents. The dynamics of 𝑖th agent can be expressed by

𝑥𝑖 (𝑘 + 1) = 𝐴𝑥𝑖 (𝑘) + 𝐵𝑢𝑖 (𝑘) + 𝐷𝜛𝑖 (𝑘) (1)
𝑦𝑖 (𝑘) = 𝐶𝑥𝑖 (𝑘) + 𝐸𝑣𝑖 (𝑘) (2)

where 𝑥𝑖 (𝑘) ∈ R𝑛𝑥 is the state, 𝑢𝑖 (𝑘) ∈ R𝑛𝑢 is the control input, 𝑦𝑖 (𝑘) ∈ R𝑛𝑦 is the measurement output,
and 𝜛𝑖 (𝑘) ∈ R𝑛𝜛 and 𝑣𝑖 (𝑘) ∈ R𝑛𝑣 are the system noise and measurement disturbance, respectively, which
are assumed to belong to 𝑙2 [0, 𝑀]. 𝐴, 𝐵, 𝐶, 𝐷, and 𝐸 are known time-invariant matrices with appropriate
dimensions.

In this paper, we consider a case that outliers may occur in the measurement. In practical applications, outliers
may originate from sensor or communication failures, disturbances in the environment, human errors, and
so on. To mitigate the effect of measurement outliers, we construct an observer-based control protocol of the
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following form for agent 𝑖: 

𝑥𝑖 (𝑘 + 1) = 𝐴𝑥𝑖 (𝑘) + 𝐵𝑢𝑖 (𝑘) + 𝐺sat𝜎𝑖 (𝑘) (𝑠𝑖 (𝑘))
𝜎𝑖 (𝑘) =

√
�̄�𝑖 (𝑘)
𝑤𝑖,ℎ

�̄�𝑖 (𝑘 + 1) = 𝜆𝑖�̄�𝑖 (𝑘) + 𝑠𝑇𝑖 (𝑘)𝑅𝑖𝑠𝑖 (𝑘)
𝑠𝑖 (𝑘) = 𝑦𝑖 (𝑘) − 𝐶𝑥𝑖 (𝑘)
𝑢𝑖 (𝑘) = 𝐾

∑
𝑗∈N𝑖

(𝑥 𝑗 (𝑘) − 𝑥𝑖 (𝑘))

(3)

where 𝑥𝑖 (𝑘) is the state of the observer 𝑖, 𝜎𝑖 (𝑘) = [𝜎𝑖,1(𝑘), 𝜎𝑖,2(𝑘), . . . , 𝜎𝑖,ℎ (𝑘)]𝑇 (ℎ = 1, 2, . . . , 𝑛𝑦) denotes the
variable non-negative saturation limit vector, 𝑠𝑖 (𝑘) = [𝑠𝑖,1(𝑘), 𝑠𝑖,2(𝑘), . . . , 𝑠𝑖,ℎ (𝑘)]𝑇 is the innovation vector,
and sat𝜎𝑖 (𝑘) (𝑠𝑖 (𝑘)) is a saturation function of the following form:

sat𝜎𝑖 (𝑘) (𝑠𝑖 (𝑘)) =


sat𝜎𝑖,1 (𝑘) (𝑠𝑖,1(𝑘))
sat𝜎𝑖,2 (𝑘) (𝑠𝑖,2(𝑘))

...

sat𝜎𝑖,𝑛𝑦 (𝑘) (𝑠𝑖,𝑛𝑦 (𝑘))


with sat𝜎𝑖,ℎ (𝑘) (𝑠𝑖,ℎ (𝑘)) = max{−𝜎𝑖,ℎ (𝑘),min{𝜎𝑖,ℎ (𝑘), 𝑠𝑖,ℎ (𝑘)}} being a saturation function. The scalars 𝜆𝑖 ∈
[0, 1), 𝑤𝑖,ℎ > 0, matrices 𝑅𝑖 = 𝑅𝑇𝑖 > 0, and 𝐺 and 𝐾 are controller parameters to be designed below. Define
𝑊𝑖 = diag(𝑤𝑖,1, 𝑤𝑖,2, . . . , 𝑤𝑖,𝑛𝑦 ).

An auxiliary variable 𝑞𝑖 (𝑘) is introduced to simplify the notation expression, which is defined as follows:

𝑞𝑖 (𝑘) = 𝑠𝑖 (𝑘) − sat𝜎𝑖 (𝑘) (𝑠𝑖 (𝑘)). (4)

Denote

A = diag𝑁 {𝐴},B = diag𝑁 {𝐵}, C = diag𝑁 {𝐶}
D = diag𝑁 {𝐷}, E = diag𝑁 {𝐸},G = diag𝑁 {𝐺}
𝑊 = diag𝑁 {𝑊𝑖}, 𝑅 = diag𝑁 {𝑅𝑖}, 𝜆 = diag𝑁 {𝜆𝑖}

𝑥(𝑘) = [𝑥𝑇1 (𝑘), . . . , 𝑥𝑇𝑁 (𝑘)]𝑇 , 𝑦(𝑘) = [𝑦𝑇1 (𝑘), . . . , 𝑦𝑇𝑁 (𝑘)]𝑇

𝑥(𝑘) = [𝑥𝑇1 (𝑘), . . . , 𝑥𝑇𝑁 (𝑘)]𝑇 , 𝜛(𝑘) = [𝜛𝑇
1 (𝑘), . . . , 𝜛𝑇

𝑁 (𝑘)]𝑇

𝑣(𝑘) = [𝑣𝑇1 (𝑘), . . . , 𝑣𝑇𝑁 (𝑘)]𝑇 , 𝑞(𝑘) = [𝑞𝑇1 (𝑘), . . . , 𝑞𝑇𝑁 (𝑘)]𝑇

�̄�(𝑘) = [�̄�𝑇1 (𝑘), . . . , �̄�𝑇𝑁 (𝑘)]𝑇 , 𝑢(𝑘) = [𝑢𝑇1 (𝑘), . . . , 𝑢𝑇𝑁 (𝑘)]𝑇

𝑠(𝑘) = [𝑠𝑇1 (𝑘), . . . , 𝑠𝑇𝑁 (𝑘)]𝑇 ,1𝑁 = [1, 1, . . . , 1︸      ︷︷      ︸
𝑁

]𝑇

sat𝑠𝜎 (𝑘) = [(sat𝜎1 (𝑘) (𝑠1(𝑘)))𝑇 , . . . , (sat𝜎𝑁 (𝑘) (𝑠𝑁 (𝑘)))𝑇 ]𝑇 .

Then, Equations (1) and (2) can be rewritten as follows:

𝑥(𝑘 + 1) = A𝑥(𝑘) + B𝑢(𝑘) + D𝜛(𝑘) (5)
𝑦(𝑘) = C𝑥(𝑘) + E𝑣(𝑘). (6)

The proposed observer-based control protocol in Equation (3) can be rewritten as follows:
𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝑢(𝑘) + 𝐺sat𝑠𝜎 (𝑘)
1𝑇𝑁 �̄�(𝑘 + 1) = 1𝑇𝑁𝜆�̄�(𝑘) + 𝑠𝑇 (𝑘)𝑅𝑠(𝑘)
𝑠(𝑘) = 𝑦(𝑘) − 𝐶𝑥(𝑘)
𝑢(𝑘) = 𝐾 ⊗ L𝑥(𝑘)

(7)
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Then, the augmented auxiliary variable 𝑞(𝑘) has the following form:

𝑞(𝑘) = 𝑠(𝑘) − sat𝑠𝜎 (𝑘). (8)

By defining 𝑒(𝑘) = 𝑥(𝑘) − 𝑥(𝑘) and combining Equations (5)–(8), the following error dynamic system can be
obtained:

𝑒(𝑘 + 1) = (A − GC)𝑒(𝑘) + D𝜛(𝑘) − G𝑣(𝑘) + G𝑞(𝑘). (9)

Denote

𝜂(𝑘) =[𝑥𝑇 (𝑘) 𝑒𝑇 (𝑘)]𝑇 ,D = [D𝑇 D𝑇 ]𝑇 ,G = [0 G𝑇 ]𝑇

A =

[
A + B𝐾 ⊗ L −B𝐾 ⊗ L

0 A − GC

]
.

Then, it follows from Equations (5) and (9) that

𝜂(𝑘 + 1) = A 𝜂(𝑘) +D𝜛(𝑘) − G 𝑣(𝑘) + G 𝑞(𝑘). (10)

Definition 1 Given the positive definite matrix 𝑈 = 𝑈𝑇 > 0 and the disturbance attenuation level 𝛾 > 0, if the
following inequality

∥𝜂(𝑘) − ℓ𝜂(𝑘)∥2
[0,𝑀] <𝛾

2{∥𝜛(𝑘)∥2
[0,𝑀] + ∥𝑣(𝑘)∥2

[0,𝑀] + 𝜂
𝑇 (0)𝑈𝜂(0)

}
(11)

holds, where ℓ = ( 1
𝑁1𝑁1𝑇𝑁 ) ⊗ 𝐼2𝑛𝑥 , it is said that the multi-agent system in Equation (1) can achieve the 𝐻∞

consensus performance index in Equation (11) over a finite horizon [0, 𝑀].

In this paper, our objective is to design appropriate parameter matrices and scalars {𝐺, 𝜆𝑖 , 𝑅𝑖 ,𝑊𝑖 , 𝐾} for the
proposed observer-based control protocol in Equation (3) such that the multi-agent system in Equation (1)
can achieve consensus.

MAIN RESULTS
In this section, a solution is found to the addressed multi-agent consensus problem by properly designing
the desired controller in Equation (3). The following theorem gives a sufficient condition under which the
augmented system in Equation (10) can achieve the given 𝐻∞ consensus performance in Equation (11).

Firstly, we give the following assumption and lemma which are useful to obtain our main results.

Assumption 1 The matrix 𝐵 is a full-column rank matrix, i.e., rank(𝐵) = 𝑐𝐵.

For the matrix 𝐵, there exist two orthogonal matrices 𝑇 ∈ R𝑙×𝑙 and 𝑍 ∈ R𝑐𝐵×𝑐𝐵 , such that

�̂� = 𝑇𝐵𝑍 =

[
𝑇1
𝑇2

]
𝐵𝑍 =

[
Λ
0

]
(12)

where 𝑇1 ∈ R𝑐𝐵×𝑙 , 𝑇2 ∈ R(𝑙−𝑐𝐵)×𝑙 and Λ = diag{Λ1,Λ2, . . . ,Λ𝑐𝐵 } with Λ 𝑗 ( 𝑗 = 1, 2, . . . , 𝑐𝐵) being nonzero
singular values of 𝐵.
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Lemma 1 Assume the matrix 𝐵 ∈ R𝑙×𝑐𝐵 is a full-column rank matrix. If matrix 𝑃1 has the structure

𝑃1 = 𝑇𝑇
[
𝑃11 0
0 𝑃22

]
𝑇 = 𝑇𝑇1 𝑃11𝑇1 + 𝑇𝑇2 𝑃22𝑇2 (13)

where 𝑃11 ∈ R𝑐𝐵×𝑐𝐵 > 0, 𝑃22 ∈ R(𝑙−𝑐𝐵)×(𝑙−𝑐𝐵) > 0, and the definitions of 𝑇1 and 𝑇2 are given in Equation (12),
then a nonsingular matrix 𝑃0 ∈ R𝑐𝐵×𝑐𝐵 satisfies 𝐵𝑃0 = 𝑃1𝐵.

Theorem 1 Consider the linear multi-agent system in Equation (1) and let the disturbance attenuation level
𝛾, a positive definite matrix 𝑈, and controller parameters {𝐺, 𝐾} be given. The augmented system in Equa-
tion (10) can achieve the 𝐻∞ consensus performance in Equation (11) if there exist a positive definite matrix
𝑃 and some controller parameter matrices and scalars {𝜆𝑖 , 𝑅𝑖 ,𝑊𝑖}, under the initial condition 𝜂𝑇 (0)𝑃𝜂(0) −
1𝑇𝑁 �̄�(0) − 𝛾2𝜂𝑇 (0)𝑈𝜂(0) ≤ 0, satisfying the following LMI:

H +Y𝑇𝑃Y < 0 (14)

where

H =



H1 0 𝐹𝑇C𝑇𝑅 𝐹𝑇C𝑇𝑊 0
∗ −𝛾2𝐼 0 0 0
∗ ∗ −𝛾2𝐼 + 𝑅 𝑊 0
∗ ∗ ∗ −2𝑊 0
∗ ∗ ∗ ∗ H4


H1 = −𝑃 + ℓ̃ + 𝐹𝑇C𝑇𝑅C𝐹,H4 = diag(1𝑇𝑁𝜆 − 1𝑇𝑁 )
Y = [A D − G G 0], ℓ̃ = 𝐼𝑁 ⊗ 𝐼2𝑛𝑥 − ( 1

𝑁
1𝑁1𝑇𝑁 ) ⊗ 𝐼2𝑛𝑥 . (15)

proof 1 Construct the following Lyapunov-like functional function for the augmented system in Equation (10):
𝑉 (𝑘) = 𝜂𝑇 (𝑘)𝑃𝜂(𝑘) + 1𝑇𝑁 �̄�(𝑘).

Then, one has
Δ𝑉 (𝑘) =𝜂𝑇 (𝑘 + 1)𝑃𝜂(𝑘 + 1) + 1𝑇𝑁 �̄�(𝑘 + 1) − 𝜂𝑇 (𝑘)𝑃𝜂(𝑘) − 1𝑇𝑁 �̄�(𝑘)

=
(
A 𝜂(𝑘) +D𝜛(𝑘) − G 𝑣(𝑘) + G 𝑞(𝑘)

)𝑇
𝑃
(
A 𝜂(𝑘) +D𝜛(𝑘) − G 𝑣(𝑘) + G 𝑞(𝑘)

)
+ 1𝑇𝑁𝜆�̄�(𝑘) + (𝑦(𝑘) − 𝐶𝑥(𝑘))𝑇𝑅(𝑦(𝑘) − 𝐶𝑥(𝑘)) − 𝜂𝑇 (𝑘)𝑃𝜂(𝑘) − 1𝑇𝑁 �̄�(𝑘). (16)

According to Lemma 1.6 in [28], the following sector constraint condition can be obtained:
2𝑞𝑇 (𝑘)𝑊 (C𝐹𝜂(𝑘) + 𝑣(𝑘) − 𝑞(𝑘)) ≥ 0 (17)

where 𝐹 = [0 𝐼].

Taking the 𝐻∞ consensus performance in Equation (11) into consideration, it follows from Equations (16) and
(17) that

∥𝜂(𝑘) − ℓ𝜂(𝑘)∥2
[0,𝑀] − 𝛾

2∥𝜛(𝑘)∥2
[0,𝑀] − 𝛾

2∥𝑣(𝑘)∥2
[0,𝑀] − 𝛾

2𝜂𝑇 (0)𝑈𝜂(0)

≤
𝑀∑
𝑘=0

{
∥𝜂(𝑘) − ℓ𝜂(𝑘)∥2 − 𝛾2∥𝜛(𝑘)∥2 − 𝛾2∥𝑣(𝑘)∥2}

+
𝑀∑
𝑘=0

{
𝜂𝑇 (𝑘 + 1)𝑃𝜂(𝑘 + 1) + 1𝑇𝑁 �̄�(𝑘 + 1) − 𝜂𝑇 (𝑘)𝑃𝜂(𝑘) − 1𝑇𝑁 �̄�(𝑘)

+ 2𝑞𝑇 (𝑘)𝑊 (C𝐹𝜂(𝑘) + 𝑣(𝑘) − 𝑞(𝑘))
}
+ 𝜂𝑇 (0)𝑃𝜂(0) − 1𝑇𝑁 �̄�(0) − 𝛾2𝜂𝑇 (0)𝑈𝜂(0)

=
𝑀∑
𝑘=0

{
Γ𝑇 (𝑘)(H + Y𝑇𝑃Y)Γ(𝑘)

}
+ 𝜂𝑇 (0)𝑃𝜂(0) − 1𝑇𝑁 �̄�(0) − 𝛾2𝜂𝑇 (0)𝑈𝜂(0) (18)
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where Γ(𝑘) = [𝜂𝑇 (𝑘) 𝜛𝑇 (𝑘) 𝑣𝑇 (𝑘) 𝑞𝑇 (𝑘) (�̄� 1
2 (𝑘))𝑇 ]𝑇 andH andY are given in Equation (15).

By noticing the initial condition 𝜂𝑇 (0)𝑃𝜂(0) − 1𝑇𝑁 �̄�(0) − 𝛾2𝜂𝑇 (0)𝑈𝜂(0) ≤ 0, we have from Equation (18) that
the 𝐻∞ consensus performance requirement in Equation (11) is achieved when Equation (14) holds. The proof is
now complete.

According to the results in Theorem 1, the sufficient condition guaranteeing the augmented system in Equa-
tion (10) achieves the 𝐻∞ consensus performance in Equation (11) is obtained. Thus, we are now ready to
design the parameters of the proposed controller in Equation (3) in terms of the following theorem.

Theorem 2 Consider the linearmulti-agent system in Equation (1) and let the disturbance attenuation level 𝛾 and
a positive definite matrix𝑈 be given. The augmented system in Equation (10) can achieve the 𝐻∞ consensus per-
formance in Equation (11) if there exist a positive definite matrix 𝑃 = diag{𝑃1, 𝑃2} with 𝑃1 = 𝑇𝑇1 𝑃11𝑇1+𝑇𝑇2 𝑃22𝑇2,
𝑃11 ∈ R𝑐𝐵×𝑐𝐵 > 0, 𝑃22 ∈ R(𝑙−𝑐𝐵)×(𝑙−𝑐𝐵) > 0, 𝑇1 and 𝑇2 being given in Equation (12), and some parameter ma-
trices and scalars {𝐺, 𝜆𝑖 , 𝑅𝑖 ,𝑊𝑖 , 𝐾0}, under the initial condition 𝜂𝑇 (0)𝑃𝜂(0) − 1𝑇𝑁 �̄�(0) − 𝛾2𝜂𝑇 (0)𝑈𝜂(0) ≤ 0,
satisfying the following LMI: [

H Y𝑇
0

∗ −𝑃

]
< 0 (19)

where

Y0 = [A0 𝑃D − G0 G0 0],G0 = [0 G𝑇0 ]𝑇

A0 =

[
𝑃1A + B𝐾0 ⊗ L −B𝐾0 ⊗ L

0 𝑃2A − G0C

]

H is given in Equation (15).

Moreover, the parameters of desired controller are given by

𝐾 = 𝑍Λ−1𝑃−1
11Λ𝑍

𝑇𝐾0, G = 𝑃−1
2 G0. (20)

proof 2 Noting Assumption 1 and Lemma 1, we can obtain that there exists a nonsingular matrix 𝑃0 ∈ R𝑐𝑚×𝑐𝑚
that satisfies 𝐵𝑃0 = 𝑃1𝐵. Then, we can obtain 𝑃0 as follows:

𝑃0 = (𝑍𝑇 )−1Λ−1𝑃11Λ𝑍
𝑇 . (21)

Let 𝑃1𝐵 = 𝐵𝑃0, 𝐾0 = 𝑃0𝐾 and G0 = 𝑃2G; then, in light of the Schur complement lemma, Equation (19) can
easily be obtained from Equation (14). The proof of this theorem is now complete.

In Equation (3), by letting 𝜎𝑖 (𝑘) = 𝜎 → ∞ (𝑖 = 1, 2, . . . , 𝑁), the following general control protocol can be
obtained for agent 𝑖: 

ˆ̄𝑥𝑖 (𝑘 + 1) = 𝐴 ˆ̄𝑥𝑖 (𝑘) + 𝐵�̄�𝑖 (𝑘) + �̄�𝑠𝑖 (𝑘)
𝑠𝑖 (𝑘) = 𝑦𝑖 (𝑘) − 𝐶 ˆ̄𝑥𝑖 (𝑘)
�̄�𝑖 (𝑘) = �̄�

∑
𝑗∈N𝑖

( ˆ̄𝑥 𝑗 (𝑘) − ˆ̄𝑥𝑖 (𝑘))
(22)

By defining 𝑒(𝑘) = 𝑥(𝑘) − ˆ̄𝑥(𝑘) and combining Equations (5), (5) and (22), we can obtain

𝑒(𝑘 + 1) = (A − ḠC)𝑒(𝑘) + D𝜛(𝑘) − Ḡ𝑣(𝑘).
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Denote

𝜂(𝑘) =
[
𝑥(𝑘)
𝑒(𝑘)

]
, Ḡ =

[
0
Ḡ

]
, ¯A =

[
A + B�̄� ⊗ L −B�̄� ⊗ L

0 A − ḠC

]
.

Then, we obtain

𝜂(𝑘 + 1) = ¯A 𝜂(𝑘) +D𝜛(𝑘) − Ḡ 𝑣(𝑘). (23)

The following corollary can guarantee that the augmented system in Equation (23) satisfies the following 𝐻∞
consensus performance requirement

∥𝜂(𝑘) − ℓ𝜂(𝑘)∥2
[0,𝑀] <�̄�

2{∥𝜛(𝑘)∥2
[0,𝑀] + ∥𝑣(𝑘)∥2

[0,𝑀] + 𝜂
𝑇 (0)�̄�𝜂(0)} (24)

where �̄� = �̄�𝑇 > 0 is a positive definite matrix and �̄� > 0 is the disturbance attenuation level, which means
that the consensus performance of multi-agent system in Equation (1) can be guaranteed.

Corollary 1 Consider the multi-agent system Equation (1) and let the disturbance attenuation level �̄� and a posi-
tive definitematrix �̄� be given. The augmented system in Equation (23) achieves the𝐻∞ consensus performance re-
quirement in Equation (24) if there exist a positive definitematrix �̄� = diag{�̄�1, �̄�2}with �̄�1 = 𝑇𝑇1 �̄�11𝑇1+𝑇𝑇2 �̄�22𝑇2,
�̄�11 ∈ R𝑐𝐵×𝑐𝐵 > 0, �̄�22 ∈ R(𝑙−𝑐𝐵)×(𝑙−𝑐𝐵) > 0, 𝑇1 and 𝑇2 being given in Equation (12), and some parameter matri-
ces {�̄�, �̄�0}, under the initial condition �̄� − �̄�2�̄� ≤ 0, satisfying the following LMI:

−�̄� + ℓ̃ 0 0 ¯A 𝑇
0

∗ −𝛾2𝐼 0 �̄�D𝑇

∗ ∗ −𝛾2𝐼 −Ḡ 𝑇
0

∗ ∗ ∗ −�̄�


< 0. (25)

Moreover, the parameters of desired controller are given by

�̄� = 𝑍Λ−1�̄�−1
11Λ𝑍

𝑇 �̄�0, Ḡ = �̄�−1
2 Ḡ0. (26)

proof 3 By letting 𝜎𝑖 (𝑘) = 𝜎 → ∞, 𝑤𝑖 (𝑘) → 0, 𝑅𝑖 (𝑘) = 0, and 𝜆𝑖 (𝑘) = 0 (𝑖 = 1, 2, . . . , 𝑁), the proof of this
corollary can be obtained directly fromTheorem 2.

Remark 1 The main contribution of this paper is that a novel observer containing a saturation function with
variable saturation limits is introduced into the designed consensus control protocol. Because of the constraint
of saturation function with variable saturation limits, the saturation limits can dynamically change when outliers
occur. Based on such merit, the designed control protocol can mitigate the effect of measurement outliers effectively.

Remark 2 Thus far, a solution to the addressed 𝐻∞ consensus problem for a class of linear multi-agent systems
subject to measurement outliers has been found by designing an observer-based control law. Themain results have
been derived and shown in Equations (1) and (2). For the case of measurement without outliers, the corresponding
result is given in Corollary 1. In the next section, a numerical example is provided in a simulation environment to
verify the effectiveness of the proposed consensus control protocol.

ILLUSTRATIVE EXAMPLE
In this section, a numerical example is provided to verify the effectiveness of the proposed control protocol in
Equation (3).
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Consider multi-agent systems including five agents. Given the Laplacian matrix asL = [2 −1 −1 0 0;−1 3 −
1 − 1 0;−1 − 1 4 − 1 − 1; 0 − 1 − 1 3 − 1; 0 0 − 1 − 1 2], the 𝑖th agent’s state is 𝑥𝑖 (𝑘) = [𝑥𝑖,1(𝑘) 𝑥𝑖,2(𝑘)]𝑇
and its dynamics is given in Equation (1) with

𝐴 =

[
1 −0.5

0.2 −1

]
, 𝐵 =

[
1 0
0 1

]
, 𝐷 =

[
1
1

]
, 𝐶 = [1 1], 𝐸 = 1.

The length of finite horizon 𝑀 is set as 𝑀 = 100. 𝛾 is chosen as 𝛾 = 1.5. 𝑥𝑖 (0) and 𝑥𝑖 (0) (𝑖 = 1, 2, . . . , 5)
obey the uniform distribution on the interval [−2, 2]. Set �̄�𝑖 (0), 𝜛𝑖 (𝑘), and 𝑣𝑖 (𝑘) as �̄�𝑖 (0) = 1, 𝜛𝑖 (𝑘) =
𝑒−10𝑘 sin(10𝑘), and 𝑣𝑖 (𝑘) = 𝑒−10𝑘 cos(10𝑘) (𝑖 = 1, 2, . . . , 5), respectively.

The outliers considered in measurements are unit pulse signals, which enter the second agent at 𝑘 = 60 and
the fourth agent at 𝑘 = 80. Next, by making a comparison between the results of Theorem 2 and Corollary 1,
the effectiveness of the proposed control protocol in Equation (3) can be demonstrated. In terms of the results
of Theorem 2 and Corollary 1, by employing MATLAB LMI toolbox, the solutions of LMIs in Theorem 2
can be obtained as follows:

𝐺 =

[
0.1467
−0.1165

]𝑇
, 𝐾 =

[
0.0373
−0.0230

]𝑇
,

𝑊𝑖 = 0.7285, 𝑅𝑖 = 0.2813, 𝜆𝑖 = 0.3948 (𝑖 = 1, 2, . . . , 5),

and then the simulation results are shown in Figure 1–5, which depict the compared state trajectories of five
agents, the evolution profiles of 𝜎𝑖 (𝑘), and the compared consensus errors, respectively.

From the simulation results employing the results of Corollary 1, we can see that outliers can affect the con-
sensus performances of the second fourth agents and their neighboring agents. The variable 𝜎2(𝑘) can change
dynamically when outliers of 𝑘 = 60 occur such that the effect of outliers is weakened. For the fourth agent,
the variable 𝜎4(𝑘) can change dynamically once outliers occur. Based on this merit, when outliers occur, the
proposed control protocol in Equation (3) can have satisfactory performance. For the first, third, and fifth
agents without the effect of outliers, variables 𝜎𝑙 (𝑘) (𝑙 = 1, 3, 5) converge to zero. For the consensus error
𝑥𝑖, 𝑗 (𝑘) − 1

𝑁

∑𝑁
𝑖=1 𝑥𝑖, 𝑗 (𝑘) (𝑖 = 1, 2, . . . , 5; 𝑗 = 1, 2), at 𝑘 = 60 and 𝑘 = 80, in terms of results in Corollary 1, con-

sensus errors of the second and fourth agents and their neighboring agents have relatively large fluctuations.
In light of the results in Theorem 2, the fluctuations of consensus errors of the second and fourth agents and
their neighboring agents are very small. The simulation results demonstrate the effectiveness of the proposed
control protocol Equation (3).

Moreover, to demonstrate the usefulness of the proposed control protocol in Equation (3), we choose the
outliers obeying the zero mean Gaussian noise with covariance 10. The simulation results are shown in Figures
6–10. From the simulation results, we can see that the proposed control protocol has a satisfactory performance
against the different types of measurement outliers.

CONCLUSION
In this paper, the observer-based 𝐻∞ consensus problem for a class of linear multi-agent systems subject to
measurement outliers is investigated. To mitigate the effect of measurement outliers, a novel control protocol
based on an observer including a saturation function with variable saturation limits is proposed. Under the
proposed observer-based control protocol, multi-agent systems can achieve the 𝐻∞ consensus performance
index over a finite horizon. Finally, by making a comparison with the general observer-based control protocol,
the effectiveness of the proposed control protocol was verified in a simulation environment. Future research
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Figure 1. State trajectories 𝑥𝑖,1 (𝑘) of five agents subject to measurement outliers (unit pulse).
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Figure 2. State trajectories 𝑥𝑖,2 (𝑘) of five agents subject to measurement outliers (unit pulse).

directions may be devoted to an extension of the results obtained to nonlinear multi-agent systems and multi-
agent systems with variable number of agents. Moreover, the obtained results can also be extended further to
more practical research fields, such as sensor networks, neural networks, and multiple mobile robot system.
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Figure 3. The profiles of 𝜎𝑖 (𝑘) of five agents subject to measurement outliers (unit pulse).
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Figure 4. Consensus errors of 𝑥𝑖,1 (𝑘) − 1
𝑁

∑𝑁
𝑖=1 𝑥𝑖,1 (𝑘) subject to measurement outliers (unit pulse).
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Figure 5. Consensus errors of 𝑥𝑖,2 (𝑘) − 1
𝑁

∑𝑁
𝑖=1 𝑥𝑖,2 (𝑘) subject to measurement outliers (unit pulse).
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Figure 6. State trajectories 𝑥𝑖,1 (𝑘) of five agents subject to measurement outliers (Gaussian noise).
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Figure 7. State trajectories 𝑥𝑖,2 (𝑘) of five agents subject to measurement outliers (Gaussian noise).
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Figure 8. The profiles of 𝜎𝑖 (𝑘) of five agents subject to measurement outliers (Gaussian noise).
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Figure 9. Consensus errors of 𝑥𝑖,1 (𝑘) − 1
𝑁

∑𝑁
𝑖=1 𝑥𝑖,1 (𝑘) subject to measurement outliers (Gaussian noise).
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Figure 10. Consensus errors of 𝑥𝑖,2 (𝑘) − 1
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∑𝑁
𝑖=1 𝑥𝑖,2 (𝑘) subject to measurement outliers (Gaussian noise).
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