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Abstract

This paper investigates a fuzzy reduced-order filter design for a class of nonlinear partial differential equation (PDE)
systems. First, a Takagi-Sugeno (T-S) fuzzy model is considered to reconstruct the nonlinear PDE system. Then, the
employment of an event-triggered mechanism (ETM) can effectively avoid signal redundancy and improve
network resource utilization. Furthermore, based on the advantages of the fuzzy model and ETM, several Lyapunov
functions are designed and the proposed filter parameters are obtained by adopting linear matrix inequality meth-
ods to satisfy the asymptotic stability condition with H., performance. Finally, a simulation example is presented to
demonstrate the practicality and effectiveness of the proposed filter design method.

Keywords: PDE systems, reduced-order fuzzy filtering, event-triggered mechanism, T-S fuzzy model

1. INTRODUCTION

Numerous processes in industry are related not only to time but also to spatial location '), such as nuclear
reaction processes, fluid heat exchange processes and biological systems -6/, These systems are called dis-
tributed parameter systems, usually described by partial differential equations (PDE)!"~°]. According to the
different characteristics of the spatial differential operators, the PDE systems can be further divided into three
categories, namely, hyperbolic!”), parabolic/®! and elliptic!. In particular, parabolic PDEs can be applied
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to express the dynamic of industrial processes involve diffusion-convection-reaction processes, such as crys-
tal growth processes, semiconductor thermal processes and wavy behavior in chemistry!'%'!l. Therefore,
control/filtering studies for parabolic PDE systems have attracted extensive attention!'>"'7). For example,
Wang et al.['?) introducted the estimator-based H., sampled-data fuzzy control for nonlinear parabolic PDE
systems; Zhang et al.'®) addressed the controller design under mobile collocated actuators and sensors;
Song et al.l'7] discussed the reliable H., filter design for PDE system with Markovian jumping sensor faults,

which stimulated the author’s interest in PDE systems.

In another research field, numerous feasible methods have been developed to solve the analysis and synthesis
problem of nonlinear systems. Among them, Takagi-Sugeno (T-S) fuzzy model is widely adopted as an effective
method for stability analysis of nonlinear systems!'®), which can express any smooth nonlinear function with
arbitrary accuracy in any convex compact region '>2°l. In addition, the stability analysis problem of fuzzy
control/filtering can be solved by employing the linear matrix inequality (LMI) methods!?!!. Based on these
advantages of the fuzzy model, many studies have been conducted to apply fuzzy models in controller/filter
design for parabolic PDE systems [2>23], Kerschbaum et al.??l addressed the backstepping control for parabolic
PDE systems; Qiu et al. *] addressed the distributed adaptive output feedback consensus problem for parabolic
PDE systems.

Meanwhile, the above study mainly used the traditional time-triggered (periodical sampling) network trans-
mission method. The periodic sampling will lead to waste of the network resources and redundancy of
transmission signals[?*/. Therefore, to better save communication resources, Tabuada >/ proposed an event-
triggered mechanism (ETM) that can effectively save network transmission resources, which can determine
whether to transmit data according to different trigger conditions?*->?/.  For example, Wang et al.[*¢]
developed an output-feedback backstepping control method for PDE systems with ETM; based on ETM,
Ji et al.'?”) considered the filtering control for PDE systems. These results prove that, compared to the tradi-
tional periodic sampling, ETM can effectively reduce the burden of network bandwidth and improve resource
utilization.

Many nonlinear systems are multi-input and multi-output systems>*=>”), which the system models are of-
ten complex and diverse, how to design simple controllers/filters to meet the corresponding needs. Recently,
Su et al.*®) proposed a reduced-order filter (ROF) design method, namely, the order of the ROF is lower than
the original plant, which will be more favorable for the real-time filtering procedure because some redundancy

[39,40]

and extra calculation can be effectively avoided by this filter . However, as far as the author knows, there

is little work on the design of fuzzy ROF for PDE systems, which arouses the author’s interest.

Based on the above discussion, this article intends to design a fuzzy ROF with Ho, performance for the PDE
systems, which its main contributions are as follows:

(1) Different from the fuzzy ROF design **), the influence of space position is fully considered in the system
model and filter design process, the considerations are more comprehensive. Meanwhile, the ROF is designed

on the basis of the early work ['”), which makes the complex engineering mathematical model more simplified
and flexible.

(2) Compared with time-triggered fuzzy filter design [*!], the ETM is applied to determine whether to send a
sampled signal, which can effectively solve the problem of signal resource transmission in the network.

Organization: Section 2 provides a problem statement and gives relevant definitions and lemmas, which
include fuzzy system models, ROF structures and ETM. Section 3 is the main result of this paper, which
include stability analysis and ROF design. A numerical example to prove the practicability of the obtained
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results in Section 4. Section 5 gives conclusions and future research directions.

Notations: R" represents n-dimensional Euclidean space; H" indicates Hilbert space; The notation N7 and
N~! stand for the transpose and inverse matrix of the matrix N, respectively; X > 0 (> 0) means the matrix
X is positive-definite (semi-definite); for ease of expression, define ¢ = ¥(x,1), ¢ = @(x,1), © = w(x,1),
Po = Qo 1), om = @ (1,0, 00y = 220y = S g = 9(x, 1), i = hi(B(x, 1), 6 = P (x.0), @ = i (x.1),
Bo = o 1), 0y = 20 = 28D g (thr) = @ (6, e T+0T), @ (147) = @ (6, 4T, e (i) = ex (x,ixT),
Pmi = Pm(xX,1 = h(1)), ep = ex(x, 1 = h(1)), ny = n(x, 1 = h(1)), qn = nx. 1 = h), ng = n(x,0), n(s) =n(x,s),

ns(s) = a"éf’s) , & = &(x,1); Matrices not explicitly stated in the text are assumed to have the appropriate
dimensionality.

2. PROBLEM STATEMENT

2.1. Fuzzy system model
Consider nonlinear distributed parameter systems which are described by PDE as follows:

U = ®l//xx + f(‘//) +C (‘//)w,
$o =d(y) + c2(Y)w, (1)
om=e(Y),

where y € H”" denotes the state; x € [0,/] ¢ R and r > 0 stand for the space and time, respectively; ¢,
represents estimated output signal; ¢,, is the measured output; w € R” is the considered external disturbance.
O is a constant matrix. f(¥), c1(¥), d(¥), c2(¢) and e(y) are sufficiently smooth nonlinear functions, which
satisty f(0) =0, ¢;(0) =0, d(0) =0, c2(0) = 0 and ¢(0) = 0. In this paper, system (1) satisfies the following
boundary conditions:

W (0,1) =y (l,t) =0and ¢ (0,1) =y (L, 1) = 0. (2)

To deal with the nonlinear functions in the systems, the following fuzzy rule is adopted:
Plant Rule R': IF §; is F ... and 6. is F, THEN

U = G)‘r//xx + Ai‘ﬁ + Cliw,

$o = Diy + Criw, (3)
‘;Dm = Elw’
where 6 = [0, 0,,--,0;] represents the premise variable vector, ch is the fuzzy sets, i € {1,2,---,r}, q €
{1,2,---,z}. A;, Cii» Dj, Cy; and E; are known matrices. Thus, the overall fuzzy system (3) can be expressed
as follows:
.
Y= O+ > hi[ A+ Criw,
i=1
o = Z hi[Diy + Chiw], (4)
=1
r
Om = Z hEq,
i=1
[T Fi(6,) ,
where h; = 'Fl— with h; > 0and ) h;=1.

3 11 Fi6,) =1
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2.2. Structure of reduced-order fuzzy filter
Consider the T-S fuzzy model, the following fuzzy ROF is obtained:
Filter Rule R': IF 6, is F| ... and 6. is F!, THEN

R A 5
Po = Crittr, ()

{ lz;t = G)kl/;xx + Aki'ﬁ + BriPms
where ¢y € R stands for the filter state with [ < n; the practical filter input signal is ¢,,; @, expresses the
estimate signal of ¢,; Ak, Bi; and Cy; are the coeflicient matrix of the filter with suitable dimensions. Thus,
the overall T-S fuzzy filter can be expressed as follows:

lﬁl G)klﬁxx + Z hi[Akilﬁ +Bki¢m]»

s o (6)
Po = Zl hiCiiyp.
i=

2.3. Event-triggered mechanism
To improve the utilization of communication resources in the network, this paper introduces samplers and
zero-order holder (ZOH) in the network. Consider an ETM, which meets the threshold condition as follows:

I 1mtrar) = @m0 QL om (trar) = @m(ta1)] < & [ @, (147) Qo (147). 7)

where ¢ € [0, 1), Q is a symmetric positive definite matrix, ¢,, (fx,r) and ¢, (fxr) denote the current sampling
signal (CSS) and latest transmitted signal (LTS), respectively.

Definition 1. The transmission error e(i;7) between the CSS and the LTS as:

e(ixr) = Om(tent) — @m(ter), (8)

where iy = 1;T+nT, which implies that the sampling time. Therefore, the transmission error can be expressed
as:

e(ixr) = om(ixr) — @m(ter). (9)

Based on the ETM, the system (4) can be transformed into a new system with time-delay. This network delay
defined as h(r) =t — iy T, 0 < h(t) < h,wheret € [t;T + Tyx, tg+1T + Trk41). Therefore, the ETM inferred as:

! !
[ et < [ ol . (10)
0 0
By taking into account the influence of the ZOH, the filter input expressed as:

Sam = Som(tkT) = Qom(ikT) - e(ikT) = @mh — €h- (11)

Substituting (11) into (6)

‘ﬁt = @klzxx + h,'[Akil/; + Bkiq_(T(‘th —enl.

i=1

o, - (12)

G = Zl hiCith.
i=

Therefore, the above-mentioned ETM is used to convert the fuzzy filter in (6) into a time-delay system.
Remark 1. It is worth noting that the ETM will be reduced to time-triggered communication Mechanism
(TTCM) when & = 0, which means that ETM is more practical in engineering applications.
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2.4. Problem formulation
Combining (4) and (12), the corresponding error system is as follows:

hlhj[®7]+Al] 77+Ca)+B( )77h B(z) nls

r r
nm=2x Z

= (13)
Go =2 2 hihj[Dijn+ Crw],

1

1Jj

where 1 2 col [ &), @0 = @0 = Go-

- e o] - A 0] 0 0
0= Ai; = ,BY = ,
[0 @k]’ / [0 Ak,] J By, HT'E; 0

0 _| 0 = _ Sl 5 _1p _aye.
Bj —[Bqu_{T],Cl—[O},Dl]—[Dz chj]‘

Remark 2. Because the order of the ROF is lower than the order of the plant. H = [lel O,X(n_l)]T is intro-
duced to expand the order of the filter, which will be explained in detail in Theorem 2.

Definition 2. The error system (13) with « = 0 is considered to be asymptotically stable with boundary
conditions (2), if satisfies tlim {fot lmell3 dQ} < oo with ||7]|, = (/01 n'ndx)?.

Definition 3. System (13) is considered to be asymptotically stable with Heo disturbance attention perfor-
mance, if there exists a scalar y > 0 such that following inequality holds:

1 o0 1 o0
/ / y! gchﬁoa’tdx < / / yw! wdtdsx.
0o Jo 0o Jo

Lemma 1. %] (Jensens inequality) Let y € H!' be a vector function. Then, for any matrix M > 0, the following

inequality holds:
1 b . b
/ v (x)dx| M / v(x)dx|.
—a a a

Lemma 2.1% Let py, o, -+ , py : R™ — R have positive values in the open subset C of R. Then, the mutually
convex combination of y; over C satisfies

min Z Shi(h) = Z pi() + max Z 1.5 (0).

{ﬁilﬁi>0~zﬁi:1} i

b
/ Y My >

Subject to

. mm A wi(t) i j(1)
{gi.j(t) R" > R, 6;i(1) = 6i(1), szj(t) #j’(t)] > 0}.

Consider the following main problem: for the known systems (1), design a fuzzy ROF such that the error
system (13) satisfies the asymptotically stable condition with H,, performance.

3. RESULTS

In this section, the asymptotically stable condition of the error system (13) is obtained in Theorem 1. The ROF
parameters will be obtained by the LMI method in Theorem 2.
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Theorem 1. For given scalars y > 0, £ > 0 and & > 0, error system (13) is asymptotically stable with Hoo
performance, if there exist matrices Q > 0, S satisfying S® > 0, P > 0,0 > 0, T} > 0 and G satisfy the
following inequality for alli € {1,2,--- ,r}, j € {1,2,--- ,r}

T G
>0, (14)
o1
2
:Ti,‘ +lP,'j +lei < 0, (15)
Y <0, (16)
where
gD g12)
P..o= | i i ,
i 5 lIJi(lzz)
RS 7 S
« P2 o0 y® GT —(1-)Q 0 0
‘Pf}”: « o« w3 o 0 [, = * I cL|,
* * % w4 s * * -yl
| x % % * VAN
] _2) _ 0 0
wid _ ¥ T el |[7SB T SG g | O | gas | _prg
dowre o P =8B sG| Y DL ol

P = p2T - S - ST, W12 = PT 4+ SA;; - ST, 9 = séj.”, E; = [E; 0],
W2 =0Ty +SA;+ALST W =1, - G"+ SBV, ¥¥ = -50 - 05",
Y= O +GT +G+eEIQE, Y =T\ -G, ¥ = -0 - T1.

Proof. The Lyapunov function is selected as follows

4
V(t)= ) V() (17)

m=1
where
1 1 =
Vi(t) = [ 0" Ppdx, Vo (1) = [, ntSOn.dx,
1 [ rO
Va(t) = [y J1, 0" (9)0n(s)dsdx. Va(t) = h [y [, [+, 0T (s)Ting(s)dsdadx,

The derivative of V (¢) is as follows:

. l . 1 =
Vi(t) = [ 20" Pydx, Vo () = = [ 207 SOn.vdx,
(18)
y Lyt T y Lrpo T L
Va(t) = [ [n"Qn —ny Qnildx, Va(t) = [ [W*n! Tiny = h [, n¥ ()Tins(s)ds]dx.
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According to Lemmas 1 and 2, the following inequality can be obtained

~h fy [0t ()Tin(s)dsdx
=—h fy (5w ) Ting(s)ds + [, 0l ()Tins(s)ds}

<= LS 0t s ngs)ds) (19)
L ML @ASITLLL,  ns(5)ds]

2L 0 ()dsIGL, , ne(s)ds]bex.

Furthermore, from (13), we can get:

1 ror
0= 2/ 77¢TS[_771‘+®77xx+zzhihj(Aijr]+B§'1)r]h —B;z)eh+C,-w)]dx. (20)
0 i=1 j=1

Under the boundary conditions (2), by partial integration we can obtain:
I ! o
2 / n! SOndx = — / 7L (SO + 08T )y, dx. (21)
0 0

Consider the ETM (10), define:

) 1
A = & / o (1) Qpm (147 dx — / ¢ (ixr)Qeiyr)dx > 0, (22)
0 0
and
A
E=coln n ne nw . en W],

Combining (18)-(21) and schur complement, we have:

V(t) +A(t)+/0 Yy '@, — yw' wdx < f Z] Zl hih; § W;iédx. (23)
i=1j

When w(x,#) = 0 and according to Theorem 1 and Definition 1, with the processing method '), we can get
the error system (13) is asymptotically stable. Under zero initial condition, one can obtain:

1 o)
V() +/ / 7_195({@0 - wawdtdx <0, (24)
0o Jo
which indicates that

1 o l o
/ / @ Godtdx < / / 2w wdtdx, (25)
o Jo 0o Jo

which completes the proof.0

Next, solving several LMIs to obtain the parameters of the designed ROE the main results are as follows:
Theorem 2. For given scalars € € [0, 1),y > 0, h > 0, if there exist real matrices W > 0,0 >0, R > 0,Q > 0,
S1>0,71 >0, Akj, E’kj, C‘kj satisty the following matrix inequations fori € {1,2,--- ,r}, j € {1,2,--- ,r}

T, G

>0, 26
[ 26)
—lq),',' + q)ij + q)ji <0, (27)
r—

q)ii < 0, (28)
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where

o' @2 o o4 o0

oy =7 <o, D=+ « @3 0 0][.9= c1>26 7|,
i * * * (1)44 (1)45 (I)136 0
* * * * O35
0 0 T T 53 T T
%= |_E0 ol o= Di o = [Tll - G1 +7'{Bkj7‘{ E;, T - 63}
= | 7L ) 7 ~T T * - = B
i o 0 i CiH T, -Gl +Bi;H'E; Ti3-G?
ol - o121 q)122 ol ol @ln2 @16 (D% _ ﬂgkﬂ‘ﬂ S,Cyii
iy q)i123 (1)124 ’ * (I)ll3 _Bqu_{T WTHTC“ ’
(1)22= Q] —T11+S1Al' QQ—T12+7{Afj+AiT7’{W l4= ﬂ‘gqu‘(TE,- 0
* QS_TI3+Akj+AT~ 1 By yH'E; 0]’

Tss 0 -T, 0¥ =W =7, - GT, @5 = Py + WIHT A, - WTHT,
c1>“2 = h*Tiy — 2HW,®"!' = Pyy + SIA,» -8, Y% = 2T + G + GT + ETQE,,
O = Ppy + HA — HW, 07 = - 50+ 05T) 01 = Py + A - W,
OB = 12Ty — 2w, @M = 12Ty - S - ST, @ = ¥,
then the designed ROF (6) can be obtained by the following relation:

Ayj Bkj] [W‘ HA,W Ekj]

(29)
Cij Cij O

Proof. If the conditions (14)-(16) in Theorem 1 are satisfied, then the non-singular matrix can be divided into:

AlST HS
NE [ *1 S32} , (30)
where
H = Iy le(nfl)]T7 Sy e R™1 Sy e RX §3 e R,
For the purpose of proving that S, is non-singular, define:
M=S+0N (o >0),
and
N Opxn H ,Mé My HM, ’ (31)
* Opg * o Ms

Since S > 0, it is easily to obtain M > 0 for ¢ > 0. Consequently, it is convenient to verify that M5 is non-
singular for arbitrarily o= > 0 and the above expression is feasible with S. In general, it is assumed that S5 is
non-singular subject to M>. Based on the above discussion the following definitions can be obtained:

Al 0 A A -
= [0 Sglsg],v=sl,w=szs3‘5§, (32)
and
A~kj Ekj _[S2 O] [Ax; By S;‘Sg 0 (33)
Cqy O] [0 If|cy; O 0o 1|’
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Then, we can get:

UTSUé[ 51 WW] UTSTUé[ S, HW

wTHT w7 TwTHT owT |

EﬂgkjWTEi 0

7o) _ Tems A S1Cu

WIHTC,; (34)

yTsp A |HBk
J

A -1¢T
},UTSAijUé[ nA - HAS, 52].

kj WTq‘{TAl' Akj

Pre- and post-multiply both sides of (16) with diag{U” U” I,xs} and its transpose, respectively. If (32)-(34) is
considered, then the inequality (26)-(28) can hold. Therefore, the error system (13) can be guaranteed to be
asymptotically stable with Hoo performance. In addition, (33) is equivalent to

Axj Byj _ A:kj ékj S;TS3 0 (35)
Cy 0 Cij 0 0 Il

(S57s3)"'wt 0
0 I

Thus, the A, By, Ci; in (6) can be obtained by (35). In case of general, let S;TS3 = I, we obtain (29), which
can be adopted to construct the ROF in (6). This completes the proof.0

Remark 3. It is noted that the matrix H presented in Theorem 2 plays a pivotal role in the filter design problem
because it is used as a reduced-order factor. When H is a unit matrix, the designed filter is a full-order filter
(FOF). The presence of H allows for efficient conversion between ROF and FOFE

4. SIMULATION EXAMPLE

In this section, to illustrate the effectiveness of the proposed method, the ROF design problem is studied for
the FHN equation, which is a widely adopted model of excitable medium fluctuations in chemistry and can
be described as follows:

{ Yir=Yie — ¥ — 1201 —yo + 120,

36
Yoy =lﬁ2xx—0.1¢2+0.8w1, ( )

with boundary (2) and initial conditions

{ Y1 (s) = 0.4cos (nx),
Yo (s) =0.3cos (nx) .

The following output and measurement signals are given:
Yo = DY + Cow, ¢, =EY,

where ¢ = col [y1 Y], w = col [w; wa], wy =0.01sin(x)e™, wr = 0.1sin(x)e™’, D = -0.051, C2 = -0.011,
E=1

The systems (36) can be represented by the following fuzzy rule!**):
Plant Rule 1: IF £(y) is “Big’, THEN

Ur =Y + Al‘/’ +Ciw,

Plant Rule 2: IF £(y) is “Small”, THEN

Ui =Y + Aoy + Cw,
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06 s

X t (sec.)

Figure 1. The trajectory of z,; (x,1).

0 -0.1 0 -0.1 0.8 0
W1 € [-1.5,1.5], we can get y = 2.55. The fuzzy membership function can be obtained:

where f(wl) = (ﬁz, Al = [_X_ 12 -1 ], Ay = [_12 -1 ] and C = [1 z O:| With)( é maxl/,ltﬁ%,

Ew) _ Ut
2.55’

hi(€(y)) = ha (Y1) =1 = h1(£(Y)).

Thus, the following T-S fuzzy model is written as follows:

2
Ui =P+ ) MEWN)AY +Cro,
i=1

0 -0.1 0 -0.1
solving several LMI in Theorem 2, the parameters of the ROF are shown as follows:

where A = [ -3.45 -1 },Az _ [ -1.2 -1

}. Assume h = lms, & = 0.05, ® = 1, ©; = 0.5 and by

1.1539  —0.9745
Q= [—0.6110 0.6060 ] , A1 =-=3.1938, Ajp = —1.2967,

By1 = -0.9575, Bxa = —1.1876, Cy1 = —0.0510, Cy2 = —0.0550.

Finally, to observe the Heo performance more conveniently, define

t 1
£() 2 fo /0 18 ()80 (s) — yoo! (s)(s)} dds, (37)

Simulation result: the trajectory of the error system (13) is shown in Figures 1 and 2. Figure 3 shows the release
moment under the ETM, the trajectory of £ (¢) defined in (37) is shown in Figure 4. It can be observed that
the filtering error system is asymptotically stable with Heo performance. Moreover, the designed ETM (7) can
effectively reduce the amount of network signal transmissions and improve the efficiency of network resources
utilization.

Remark 4. Inspired by ETM [2°], we introduce an ETM in the signal transmission process. Compared with
the original TTCM [*!], it can effectively reduce the number of signal transmission and improve the network
resource utilization. On the other hand, Song et al.['”) considered filtering for parabolic PDE systems, but did
not consider the problem of ROF design. Compared with Example 2[17), the method proposed in this paper
can achieve the same filtering function and the order of the filter is lower than the order of the plant, which
simplifies the filter design.
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X t (sec.)

Figure 2. The trajectory of z,,(x, 7).
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Figure 3. Release instants and release interval.

x10°

(40
&
_—

0 1 2 3 4 5 6 7 8 9 10
t (sec.)

Figure 4. The trajectory of & (r) under zero initial condition.

5. CONCLUSIONS

This paper investigates the design method of fuzzy ROF based on ETM for nonlinear parabolic PDE systems.
First, a T-S fuzzy model has been considered to reconstruct the nonlinear parabolic PDE systems. In addi-
tion, an ETM has been employed to reduce the amount of network transmission data to improve the network
resource utilization. Then, the parameters of the designed ROF have been obtained by solving several LMIs
based on Lyapunov direct method. Finally, the effectiveness of the proposed method is illustrated by simula-
tion experiments. However, due to the time-delay phenomenon, the systems output signal is difficulty to keep
synchronized through the network transmission between the filter and the plant. Therefore, in future studies,
we will further consider asynchronous ROF for fuzzy PDE systems, which will be a more interesting topic.
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