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Abstract
The increase of train speed leads to a violent vibration of the pantograph and overhead system. To evaluate the
interaction performance of the pantograph and overhead system, awhole railway dynamicsmodel including the track,
vehicle, pantograph, and overhead system is established. The overhead system is represented by the finite element
approach using the analytical formulas of nonlinear cable and truss elements. The vehicle is modeled by a multi-
rigid-body system with a pantograph installed on its roof. A beam element with elastic foundations is used to model
the track, which possesses harmonic and random irregularities. An iterative algorithm is implemented to solve the
nonlinear behavior of the coupling model. The nonlinearities in the deformation of overhead system, the contact
of the pantograph and contact line, and the contact of the vehicle-track are properly considered. Several numerical
simulations are implemented to systematically investigate the influence of the vehicle-track vibration on the dynamic
behavior of pantograph and overhead system. The results indicate that the vehicle-track vibration induced by the rail
irregularities with large amplitude or certain wavelength can significantly aggravate the interaction performance of
pantograph and overhead system.
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1. INTRODUCTION
The pantograph and overhead system play an important role in modern high-speed railway systems, as they
are responsible for the continuous transmission of electric energy from the power supply to the locomotive.
The current collection quality of high-speed trains is directly determined by the mechanical interaction per-
formance between the panhead of the pantograph and the contact line of the overhead system. With the rapid
expansion of the high-speed rail industry, the increase of train speed leads to a more violent vibration of the
pantograph and overhead system, which directly results in many issues in current collection quality. For in-
stance, the contact loss leads to arcing and power supply interruption, and the contact force results in excessive
wear of the contact surface. The pantograph and overhead system have been recognized as the most vulnerable
parts in the traction power system, as they suffer a number of disturbances, such as the vehicle-track pertur-
bations [1,2], material stress in wires [3,4], anomalies of the overhead system [5,6], temperature variance [7], and
environmental perturbations [8,9].

Due to the tremendous cost of field tests, mathematic modeling is an effective method to describe the complex
dynamic behavior of pantograph and overhead system. Zhang et al. reviewed various kinds of mathematic
models of pantograph and overhead system from a general perspective of railway dynamics [10]. Liu et al. gave
an overview of the advances in research on the modeling of high-speed railway overhead system [11]. Some
particular methods have been proposed to efficiently evaluate the dynamic interaction performance of pan-
tograph and overhead system. The following examples are the particular ones that deserve to be mentioned.
Song et al. proposed a nonlinear cable-based model for the overhead system, in which the nonsmooth non-
linearity of droppers and geometrical nonlinearity of wires can be fully considered [12]. Yao et al. included
the effect of ice in the overhead system model with different approaches and compared their advantages [13].
Tur et al. proposed a 3D absolute nodal coordinate finite element model to compute the initial configuration
of a railway overhead system [14]. Bautista et al. proposed a combination method to implement the simula-
tion of the interaction behavior of a multibody pantograph model and a finite element model of overhead
system [15]. To improve the interaction performance, several effective measures, such as the active control
of pantograph [16], optimization of structure [17], and damper designed for pantograph [18], are developed. To
master the health condition of the overhead system, several monitoring techniques [19–21] and performance
assessment methods [22,23] are developed to capture the dynamic response and static geometry of the overhead
system.

From the above literature review, it can be seen that the dynamic behavior of pantograph and overhead system
is mostly studied without considering vehicle-track perturbations. The interaction of pantograph and over-
head system can be recognized as a vertical contact. The vertical vibration of the vehicle may have some no-
ticeable effect on the contact of the pantograph and the overhead system. In [24], a spatial model of pantograph-
catenary-vehicle-track system is established to investigate the dynamic performance of pantograph-catenary
with random perturbations of vehicle-track. The main finding indicates that the vertical vibration of the car
body has the most noticeable effect on the pantograph-catenary interaction. Thus, the main purpose of the
present paper is to establish amore detailedmodel for the vertical railway dynamic systems, including the over-
head system, pantograph, vehicle, and track. For the overhead system, a nonlinear finite element approach is
employed based on the analytical formulas of nonlinear cable and truss elements. The vehicle is represented
as a multi-rigid-body model with a pantograph installed on its roof. The rail is modeled as an Euler-Bernoulli
beam supported by elastic foundations comprised of ballasts and sleepers. The contact between the track and
wheel is characterized by the well-known Hertzian contact theory, and the contact between the pantograph
and the contact line is implemented by a penalty method. The analysis of the influence of the vehicle-track
vibration mainly focuses on two aspects. The first one is the influence of rail irregularity with a specific wave-
length and wave depth on the interaction performance of pantograph and overhead system. The second one
focuses on the influence of random rail irregularities. Furthermore, the influence of the vibration induced by
the high-speed vehicle and the modern ballastless track on the pantograph and overhead system interaction
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Figure 1. Vertical coupling model for overhead system-pantograph-vehicle-track system.

is studied and compared with the traditional track. The influence of the parameters of the lower frame of the
pantograph which connects with the car body roof is also investigated.

2. VERTICAL COUPLING MODEL FOR RAILWAY SYSTEM
Figure 1 presents the whole coupling model for the railway system, which is mainly comprised of three sub-
systems: overhead system, pantograph-vehicle, and track. Obviously, there is a dynamic interaction between
the overhead system and pantograph and between the vehicle and the track through the contact forces 𝑓𝑐 and
𝑓𝑤1 − 𝑓𝑤4, respectively. In this section, the modeling methods of these three subsystems are presented.

2.1. Modeling of overhead system
The overhead system is comprised of three main components. The contact line is responsible for providing
the electrical energy through a pantograph to the high-speed train. In this paper, the finite element method
widely used to address complex engineering systems [25–28] is adopted here to model the overhead system.
The messenger line and droppers are used to support the contact line. The contact and messenger lines are
discretized as a number of nonlinear cable elements according to the concept of the finite element method.
Figure 2 presents a segment of the nonlinear cable with an unstrained length of 𝑙0. The relationship between
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Figure 2. Nonlinear cable element.

the relative positions 𝑙𝑥 , 𝑙𝑦 , and 𝑙𝑧 of the two nodes and the nodal forces 𝑓1 ∼ 𝑓6 is governed by Equation (1) [12].
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(1)

in which 𝑤 is the self-weight. 𝐸 and 𝐴 denote the Young’s modulus and the cross-sectional area of the mes-
senger/contact wire, respectively. The relationship between the nodal forces 𝑓1 ∼ 𝑓3 at node I and 𝑓4 ∼ 𝑓6 at
node J can be expressed as

𝑓4 = − 𝑓1 𝑓5 = − 𝑓2 𝑓6 = − 𝑓3 + 𝑤𝑙0 (2)

By differentiating both sides of Equation (1), the flexibility stiffness can be obtained.
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where d𝑙𝑥 , d𝑙𝑦 , and d𝑙𝑧 are the increments of the relative positions in 𝑥, 𝑦, and 𝑧 directions, respectively. d 𝑓1,
d 𝑓2, and d 𝑓3 represent the increments of the corresponding internal force. The stiffness matrix can be obtained
by inverting flexibilitymatricesGe

C, which is updated in each iterative step according to the nodal forces 𝑓1 ∼ 𝑓6
to ensure accuracy when large deformation of the messenger/contact wire occurs. The vector Ge

G related to
d𝑙0 is used to solve the initial state. Equation (3) can be rewritten as

dFe= Ke
CdXe+Ke

Gd𝑙0 (4)
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where
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It is worth noting that, after the initial configuration is determined, the initial length 𝑙0 of the cable does not
change. Thus, Equation (4) is written as the following equation with a constant initial length 𝑙0 in the dynamic
simulation.

dFe = Ke
CdXe (6)

Droppers only can work in tension and have no resistance to compression force, which behave as one-sided
trusses. In this paper, a similar approach is adopted to derive the stiffness matrix of a truss element. Then, a
shape-finding method is adopted to calculate the initial configuration of the overhead system, which has been
verified by several numerical examples [29]. After the initial configuration is determined, a nonlinear finite
element dynamic analysis is performed to solve the dynamic response of the overhead system. The global
stiffness matrix KC(𝑡) of the overhead system can be formulated through the finite element approach at time
instant 𝑡. In combination with the global lumped mass matrix MC and the global damping matrix CC, the
equation of motion can be written as

MCΔ
��
XC(𝑡)+CCΔ

�
XC(𝑡)+KC(𝑡)ΔXC(𝑡)=ΔFC(𝑥, 𝑡) (7)

where Δ
��
XC(𝑡), Δ

�
XC(𝑡), and ΔXC(𝑡) are the incremental vectors of the global acceleration, velocity, and dis-

placement for the overhead system, respectively. ΔFC(𝑥, 𝑡) on the right side is the incremental vector of the
excitation, which includes the contact force exerted on the contact point and the internal force of the struc-
ture. It is noted that the stiffness matrix KC(𝑡) updates in each time step according to the deformation of
contact/messenger wires and droppers to take the geometrical nonlinearity and dropper slackness into ac-
count.

2.2. Modeling of pantograph­vehicle
As shown in Figure 1, the pantograph-vehicle is modeled as a multi-rigid-body system with 13 DOFs (degrees
of freedom). Apart from the vertical motion, the rolling motions of the car body 𝛽c and bogies 𝛽t1 ∼ 𝛽t2 are
also considered. The equation of motion for the pantograph-vehicle system can be obtained as [30]

MV
��
XV(𝑡)+CV

�
XV(𝑡)+KVXV(𝑡)=FV(𝑡) (8)

where MV, CV, and KV are the mass, damping, and stiffness matrices for the pantograph-vehicle system, re-
spectively.

��
XV(𝑡),

�
XV(𝑡), and XV(𝑡) are the corresponding global acceleration, velocity, and displacement

vectors. FV(𝑡) is the external force vector, which can be expressed as

FV(𝑡) = { − 𝑓c 0 𝑓0 − 𝑀c𝑔 0 − 𝑀t𝑔 0 − 𝑀t𝑔 0 − 𝑀w𝑖𝑔 + 2 𝑓w1

−𝑀w2𝑔 + 2 𝑓w2 − 𝑀w3𝑔 + 2 𝑓w3 − 𝑀w4𝑔 + 2 𝑓w4}T
(9)
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where 𝑓0 is the static lift force exerted on the lower frame of pantograph. 𝑀c, 𝑀t, and 𝑀w𝑖 are the masses of
the car body, bogie, and wheel, respectively.

2.3. Modeling of track
The railway track is modeled by the Euler-Bernoulli beam supported by elastic foundations, comprised of the
sleepers and ballasts. The equation of motion for the rail can be written as

𝐸𝐼r
𝜕4𝑤r

𝜕𝑥4 (𝑥, 𝑡) + 𝜌r
𝜕2𝑤r

𝜕𝑡2
(𝑥, 𝑡) =

𝑛r∑
𝑖=1

𝑓r𝑖𝛿
(
𝑥 − 𝑥𝑖r

)
+

4∑
𝑗=1

𝑓w 𝑗𝛿
(
𝑥 − 𝑥w 𝑗

)
(10)

where 𝐸𝐼r is the flexural rigidity of rail. 𝜌r is the density per length. 𝑓r𝑖 and 𝑥
𝑖
r are the external force and the

position of the 𝑖th elastic supporter. 𝑛r is the number of the elastic foundations. 𝑥w 𝑗 is the contact point between
the 𝑗 th wheel and the rail. This partial differential equation can be solved through the modal superposition
method or the finite element method. Here, the former is adopted. The analytical solution of Equation (10)
can be written as [31]

𝑤r (𝑥, 𝑡) =
∞∑
𝑢=1

𝜓𝑢 (𝑥)𝑞𝑢 (𝑡) (11)

where 𝑞𝑢 (𝑡) is the 𝑢−order generalized displacement. 𝜓𝑢 (𝑥) is the corresponding modal function. By substi-
tuting Equation (16) into Equation (15), the equation of motion for rail can be rewritten as

��
𝑞𝑢 (𝑡) +

𝐸𝐼r
𝜌r

(𝑢𝜋
𝑙

)4
𝑞𝑢 (𝑡) = −

𝑛r∑
𝑖=1

𝑓r𝑖 (𝑡) 𝜓𝑢 (𝑥𝑖) +
4∑
𝑗=1

𝑓w 𝑗 (𝑡) 𝜓𝑢
(
𝑥w 𝑗

)
(12)

where 𝑓r𝑖 (𝑡) can be obtained as

𝑓r𝑖 (𝑡) = 𝐶p𝑖
𝜕𝑤r
𝜕𝑡

(𝑥𝑖 , 𝑡) + 𝐾p𝑖𝑤r (𝑥𝑖 , 𝑡) − 𝐶p𝑖
𝜕𝑍s𝑖 (𝑡)
𝜕𝑡

− 𝐾p𝑖𝑍s𝑖 (𝑡) (𝑖 = 1 ∼ 𝑛r) (13)

with 𝐶p𝑖 and 𝐾p𝑖 the damping and stiffness of the 𝑖th sleeper, respectively. 𝑍s𝑖 (𝑡) is the vertical displacement
of the 𝑖th sleeper, which is determined by the equation of motion for sleeper.

𝐾p𝑖 [𝑤r (𝑥𝑖 , 𝑡) − 𝑍s𝑖 (𝑡)] + 𝐶p𝑖

[
𝜕𝑤r (𝑥𝑖 , 𝑡)

𝜕𝑡
− 𝑑𝑍s𝑖 (𝑡)

𝑑𝑡

]
− 𝐾bi [𝑍s𝑖 (𝑡) − 𝑍b𝑖 (𝑡)] − 𝐶b𝑖

[
d𝑍s𝑖 (𝑡)
𝑑𝑡

− d𝑍b𝑖 (𝑡)
𝑑𝑡

]
= 𝑀s𝑖

d2𝑍s𝑖 (𝑡)
𝑑𝑡2

(𝑖 = 1 ∼ 𝑛r)
(14)

where 𝑀s𝑖 is the mass of the 𝑖th sleeper. 𝐶b𝑖 and 𝐾b𝑖 are the damping and stiffness of the 𝑖th ballast. 𝑍b𝑖 (𝑡) is
the corresponding vertical displacement of the 𝑖th ballast, which is governed by the following equation:

𝑀b𝑖
d2𝑍b𝑖 (𝑡)
𝑑𝑡2

+ (𝐶b𝑖 + 𝐶f𝑖 + 2𝐶w𝑖)
d𝑍b𝑖 (𝑡)
𝑑𝑡

+ (𝐾b𝑖 + 𝐾f𝑖 + 2𝐾w𝑖) 𝑍b𝑖 (𝑡)

− 𝐶b𝑖
d𝑍s𝑖 (𝑡)
𝑑𝑡

− 𝐾b𝑖𝑍s𝑖 (𝑡) − 𝐶w𝑖
d𝑍b(𝑖+1) (𝑡)

𝑑𝑡
− 𝐾w𝑖𝑍b(𝑖+1) (𝑡) − 𝐶w𝑖

d𝑍b(𝑖−1) (𝑡)
𝑑𝑡

− 𝐾w𝑖𝑍b(𝑖−1) (𝑡) = 0 (𝑖 = 1 ∼ 𝑛r)

(15)
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𝐶w𝑖 and 𝐾w𝑖 are the damping and stiffness of the 𝑖th subgrade, respectively. The boundary conditions are
defined as 

𝑍b0 (𝑡) =
d𝑍b0 (𝑡)

d𝑡
= 0

𝑍b(𝑛r+1) (𝑡) =
d𝑍b(𝑛r+1) (𝑡)

d𝑡
= 0

(16)

By substituting Equations (11)-(16) into Equation (10), the equation of motion for track can be obtained as

MT
��
XT(𝑡)+CT

�
XT(𝑡)+KTXT(𝑡)=FT(𝑡) (17)

where MT, CT, and KT are the mass, damping, and stiffness matrices, respectively.
��
XT(𝑡),

�
XT(𝑡), and XT(𝑡)

are the generalized global acceleration, velocity, and displacement vectors, respectively. The vertical deflection
of rail can be calculated according to Equation (11). FT(𝑡) is the generalized external excitation.

2.4. Contact model
The sliding contact between the pantograph and the contact line is implemented by the penalty method, in
which the contact is defined through an assumption of a contact stiffness. The contact force is calculated based
on a penalization of the interpenetration between the pantograph head and the contact line. The contact force
is expressed as [32,33]

𝑓c =

{
𝐾S (𝑦1 − 𝑦c) 𝑦1 ≥ 𝑦c

0 𝑦1 < 𝑦c
(18)

where 𝐾S is the contact stiffness. 𝑦1 is the vertical displacement of the pantograph head. 𝑦c is the vertical
displacement of the contact line at the contact point. In this work, a large contact stiffness of 200,000 N/m is
adopted in the numerical simulation to ensure that the response at the frequency range of interest cannot be
contaminated.

The contact interface between the vehicle and track is between the wheel and the rail, which exhibits significant
nonlinearity. The nonlinear contact can be described by Hertzian nonlinear theory of elasticity. The wheel-rail
contact force can be calculated through the following equation [34]:

𝑓w 𝑗 (𝑡) =

{

1
𝐺

[
𝑤r

(
𝑥w 𝑗 , 𝑡

)
− 𝑍w 𝑗 − 𝑤0 (𝑡)

]}1.5
𝑤r

(
𝑥w 𝑗 , 𝑡

)
− 𝑍w 𝑗 − 𝑤0 (𝑡) ≥ 0

0 𝑤r
(
𝑥w 𝑗 , 𝑡

)
− 𝑍w 𝑗 − 𝑤0 (𝑡) < 0

(19)

where𝐺 is the contact constant. Due to the use of the nonlinear Hertzian nonlinear contact model, the kinetic
equations of the vehicle and the track should be calculated separately. The solution procedure for coupling the
pantograph-overhead system and vehicle-track is discussed in the next section. The selection of parameter 𝐺
refers to the method in [34].

2.5. Verification of the model
It is difficult to find measurement data or a proper standard to validate the whole coupling dynamics model.
The whole model is divided into the pantograph-overhead system model and the vehicle-track model. The
validation of each model is made independently. In [12], the pantograph-overhead system model is verified
through a series of numerical examples. Here, the parameters of pantograph and overhead system in EN
50318 [35] are adopted to undertake the simulation using the presented model. The statistics of the simulation
results are listed in Table 1 according to EN 50318. It can be found that the simulation results show excellent
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Table 1. Validation of the pantograph and overhead systemmode according to EN 50318

Speed 275 [km/h]

Pantograph 1 2

Range of acceptance Result Range of acceptance Result
𝐹m [N] 141.5-146.5 143.1 141.5-146.5 144.4
𝛿 [N] 31.9-34.8 33.3 50.0-54.5 51.6
𝛿 (0-5 Hz) [N] 26.4-28.9 27.2 41.2-45.4 42.8
𝛿 (5-20 Hz) [N] 16.2-22.4 19.3 25.2-34.7 29.3
𝐹max [N] 211.9-244 222.9 241-290 260.4
𝐹min [N] 71-86 85.8 14-50 34.5

Speed 320 [km/h]

Pantograph 1 2

Range of acceptance Result Range of acceptance Result
𝐹m [N] 166.5-171.5 169.4 166.5-171.5 168.8
𝛿 [N] 49.5-62.9 53.7 30.2-43.8 42.3
𝛿 (0-5 Hz) [N] 38.7-44.4 40.1 14.3-23.3 19.0
𝛿 (5-20 Hz) [N] 29.0-46.2 35.7 29.0-46.2 37.9
𝐹max [N] 295-343 295.0 252-317 269.5
𝐹min [N] 55-82 60.0 51-86 59.7

Table 2. Parameters of the high-speed vehicle

Car body mass (kg) 52000
Car body pitch moment of inertia (kg m2) 2.31 ×106

Bogie mass (kg) 3200
Bogie pitch moment of inertia (kg m2) 3120
Wheelset mass (kg) 1400
Primary suspension stiffness (N/m) 1.87 ×106

Primary suspension damping (N s/m) 5 ×105

Secondary suspension stiffness (N/m) 1.72 ×106

Secondary suspension damping (N s/m) 1.96 ×105

Distance between two bogie centers (m) 18
Distance between two axles of the same bogie (m) 2.5
Wheel rolling radius (m) 0.4575

agreements with the requirements of EN 50318. Thus, the pantograph and overhead systemmodel are thought
to be valid.

For the validation of the vehicle-track model, the high-speed vehicle-track parameters listed in Table 2 and
Table 3 are adopted [34]. The simulation results are compared with the results of the Zhai model, which is a sim-
ulationmethod for the vertical interactions between cars and tracks based on the well-known Zhai method [34].
Consider in the simulation that the vehicle speed is 300 km/h and the wavelength and wave depth of rail irreg-
ularity are 10 m and 0.5 mm, respectively. Figure 3A shows the displacement of the car body calculated from
the presented model and the Zhai model. The results of the wheel displacement are compared in Figure 3B. It
can be observed that the numerical results of the two models are only slightly different. Therefore, the present
vehicle-track interaction model is considered valid.

3. NUMERICAL ALGORITHMS
In this section, an interactive algorithm is proposed to couple the two sub-models. Therefore, there are three
main interactive procedures in this solution algorithm. Two of them are used to deal with the nonlinear wheel-
track dynamic interaction and the pantograph-overhead system dynamic interaction. The third is used to deal
with the nonlinear behavior of each dropper working in tension or compression, as well as update the stiffness
matrix of each cable element of messenger/contact line. The iterative procedure for the whole coupled system
in each time step (from 𝑡 to 𝑡 + Δ𝑡) is presented as follows:
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Table 3. Parameters of the high-speed track

Elastic modulus of rail (N/m2) 2.059 ×1011

Area moment of rail cross-section (m4) 3.217 ×10−5

Rail mass per unit length (kg/m) 60.64
Mass of half sleeper (kg) 170
Rail pad stiffness (N/m) 6.0 ×107

Rail pad damping (N s/m) 7.5 ×104

Sleeper spacing (m) 0.6
Effective support length of half sleeper (m) 1.175
Sleeper width (m) 0.277
Ballast density (kg/m3) 1.9 ×103

Elastic modulus of ballast (Pa) 1.2 ×108

Damping of ballast (N s/m) 6.0 ×104

Shear stiffness of ballast (N/m) 7.84 ×107

Shear damping of ballast (N s/m) 8.0 ×104

Ballast stress distribution angle (◦) 35
Ballast thickness (m) 0.35
Subgrade K30 modulus (Pa/m) 1.9 ×108

Damping of subgrade (N s/m) 1.0 ×105

A: Car body displacement B: Wheel displacement

Figure 3. Verification of the vehicle-track model.

Step 1. Calculate the contact points of the pantograph-overhead system interaction and the vehicle-track in-
teraction.
Step 2. Initialize the iteration count 𝑘1 = 0 and the displacement vectors X𝑘1

C (𝑡 + Δ𝑡) = XC(𝑡), X𝑘1
V (𝑡 + Δ𝑡) =

XV (𝑡), and X𝑘1
T (𝑡 + Δ𝑡) = XT (𝑡) for the overhead system, pantograph-vehicle, and track systems, respectively.

Step 3. Update the wheel-track forces 𝑓w 𝑗 (𝑡 + Δ𝑡) by Equation (19) using X𝑘1
V (𝑡 + Δ𝑡) and X𝑘1

T (𝑡 + Δ𝑡).
Step 4. Exert the wheel-track forces 𝑓w 𝑗 (𝑡 + Δ𝑡) on the track and solve Equation (17) to obtain X𝑘1+1

T (𝑡 + Δ𝑡).
Step 5. Update the wheel-track forces 𝑓w 𝑗 (𝑡 + Δ𝑡) by Equation (19) using X𝑘1

V (𝑡 + Δ𝑡) and X𝑘1+1
T (𝑡 + Δ𝑡).

Step 6. Exert the wheel-track force 𝑓w 𝑗 (𝑡 + Δ𝑡) on the overhead system-pantograph-vehicle system to solve the
overhead systemdisplacement vectorX𝑘1+1

C (𝑡 + Δ𝑡) and the pantograph-vehicle displacement vectorX𝑘1+1
T (𝑡 + Δ𝑡)(the

detailed sub-steps are shown as Steps 6-1-6-12).
Step 6-1. Initialize the iteration count 𝑘2 = 0, the overhead systemdisplacement vectorX𝑘2

C (𝑡 + Δ𝑡) = X𝑘1
C (𝑡 + Δ𝑡),

and the pantograph-vehicle displacement vector X𝑘2
V (𝑡 + Δ𝑡) = X𝑘1

V (𝑡 + Δ𝑡).
Step 6-2. Calculate the contact force 𝑓c (𝑡 + Δ𝑡) using the overhead system displacement vector X𝑘2

C (𝑡 + Δ𝑡)
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and pantograph-vehicle displacement vector X𝑘2
V (𝑡 + Δ𝑡) based on the penalty method (Equation (18)).

Step 6-3. Update the nodal forces 𝑓1 ∼ 𝑓6 and element stiffness matrix Ke
C of each cable element using over-

head system displacement vector X𝑘2
C (𝑡 + Δ𝑡) based on Equation (1). The Newton-Raphson iteration method

is adopted here (the detailed sub-steps are listed as Steps 6-3-1-6-3-6).
Step 6-3-1. Calculate 𝑙𝑥 = 𝑥 𝑗 − 𝑥𝑖 , 𝑙𝑦 = 𝑦 𝑗 − 𝑦𝑖 , and 𝑙𝑧 = 𝑧 𝑗 − 𝑧𝑖 of each cable element according to the global
displacement X𝑘2

C (𝑡 + Δ𝑡).
Step 6-3-2. Initialize the internal force vector Fe =

{
𝑓1 𝑓2 𝑓3

}𝑇 of each element.
Step 6-3-3. Calculate the relative positions 𝑙∗𝑥 , 𝑙∗𝑦 , and 𝑙∗𝑧 using Equation (1).
Step 6-3-4. Calculate dl =

{
(𝑙∗𝑥 − 𝑙𝑥)(𝑙∗𝑦 − 𝑙𝑦) (𝑙∗𝑧 − 𝑙𝑧)

}
. If all elements of dl are smaller than the pre-set toler-

ance, formulate the element stiffness matrix Ke
C using Equation (5) and break out of the iteration; otherwise,

continue to the next step.
Step 6-3-5. Calculate the correction vector of internal forces dFe =

{
d 𝑓1 d 𝑓2 d 𝑓3

}T using Equation (6).
Step 6-3-6. Update the internal forces Fe=Fe+dFe and go back to Step 6-2-3.
Step 6-4. Update the nodal forces 𝑓g1 ∼ 𝑓g6 and element stiffness matrix Keg

C of each string element using over-
head system displacement vector X𝑘2

C (𝑡 + Δ𝑡) according to Equation (7). Here, the force state of each dropper
is checked. If the dropper works in compression, 𝐸g𝐴g equals zero.
Step 6-5. Formulate the internal force vector F𝑘2

r depending on the internal forces of each element ( 𝑓1 ∼ 𝑓6
and 𝑓g1 ∼ 𝑓g6).
Step 6-6. Use the internal force vector F𝑘2

r and the contact force 𝑓c (𝑡 + Δ𝑡) to formulate the incremental exci-
tation vector ΔF𝑘2

C (𝑥, 𝑡) of overhead system.
Step 6-7. Formulate the global stiffness matrix KC (𝑡 + Δ𝑡) of overhead system using each element stiffness
matrix of cable and string according to the FEM.
Step 6-8. Exert the incremental excitation vector ΔF𝑘2

C (𝑥, 𝑡 + Δ𝑡) on overhead system and solve Equation (12)
to obtain the incremental displacement vector ΔX𝑘2

C (𝑥, 𝑡 + Δ𝑡) of overhead system.
Step 6-9. Update the displacement vector X𝑘2+1

C (𝑥, 𝑡 +Δ𝑡) = X𝑘2
C (𝑥, 𝑡 +Δ𝑡) +ΔX𝑘2

C (𝑥, 𝑡 +Δ𝑡) of overhead system.
Step 6-10. Exert the pantograph-overhead system contact force 𝑓c (𝑡 + Δ𝑡) and the wheel-track contact force
𝑓w 𝑗 (𝑡 + Δ𝑡) on pantograph-vehicle and solve Equation (13) to obtain the displacement vector X𝑘2+1

V (𝑥, 𝑡 + Δ𝑡)
of pantograph-vehicle.
Step 6-11. Check the convergence of the incremental displacement vectorsΔX𝑘2

C (𝑥, 𝑡+Δ𝑡) andΔX𝑘2
V (𝑥, 𝑡+Δ𝑡) =

X𝑘2+1
V (𝑥, 𝑡 + Δ𝑡) − X𝑘2

V (𝑥, 𝑡 + Δ𝑡). If the convergence criterion is satisfied, X𝑘1
V (𝑥, 𝑡 + Δ𝑡) = X𝑘2+1

V (𝑥, 𝑡 + Δ𝑡) and
X𝑘1
C (𝑥, 𝑡 + Δ𝑡) = X𝑘2+1

C (𝑥, 𝑡 + Δ𝑡), and break out of the iteration. Otherwise, go to Step 6-12.
Step 6-12. Update the iteration count 𝑘2 = 𝑘2 + 1 and return to Step 6-2.
Step 7. Check the convergence of the incremental displacement vector ΔX𝑘1

T (𝑥, 𝑡 + Δ𝑡) = X𝑘1+1
T (𝑥, 𝑡 + Δ𝑡) −

X𝑘1
T (𝑥, 𝑡 + Δ𝑡) of track. If the convergence criterion is satisfied, go to Step 8. Otherwise, Update the iteration

count 𝑘1 = 𝑘1 + 1 and return to Step 3.
Step 8. Update the acceleration vectors and velocity vectors of overhead system, track, and vehicle-track sys-
tems according to Newmark method. Enter the next time step 𝑡 = 𝑡 + Δ𝑡.

It should be noted that the mass of vehicle is several orders of magnitude higher than the pantograph, and the
effect of pantograph vibration on the car body can be neglected. In this work, we investigate the pantograph-
overhead system interaction with the perturbations of vehicle-track and achieve an accurate simulation result.
This interaction between the pantograph and the vehicle is also considered in the simulation. As indicated
in [36], the choice of numerical integrator and the time-space discretization has a significant effect on the nu-
merical results. In this paper, the frequency of interest is limited to 0-20 Hz. A high sampling frequency of
2000 Hz is adopted in the numerical simulation to ensure numerical stability. The element size in the contact
wire is set as 0.25 m to ensure that numerical error cannot affect the results in the frequency range of interest.
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A

• Contact wire: line density (1.082 kg/m), tensile rigidity (106 N/m).
• Messenger wire: line density (1.068 kg/m), tensile rigidity (106 N/m).
• Dropper: line density (0.14), tensile rigidity (105 N/m).
• Stagger (± 0.2 m).
• Installation height (5.3 m).
• Encumbrance (1.6 m).
• Max contact wire reserved pre-sag (0.5‰ × span).

B

Figure 4. Parameters of the pantograph-overhead system: (A) geometry information of a simple overhead system model; and (B) three-
DOF model of a pantograph.

4. NUMERICAL ANALYSIS
To reveal the influence of the vehicle-track vibration on the pantograph-overhead system interaction, a whole
coupled dynamics model for the railway system is established according to the description in Section 2. The
parameters of a high-speed overhead system constructed in China are adopted, as shown in Figure 4A. The
lumped parameters of the DSA-380 pantograph are given in Figure 4B. The parameters in Table 1 and Table 2
are adopted for the high-speed vehicle-track model. The flow chart of the subsequent analysis is presented in
Figure 5.

4.1. Influence of specific rail irregularity
This section mainly focuses on the analysis of the influence of the rail irregularity with specific wavelength and
wave depth on the pantograph-overhead system interaction. The rail irregularity can be described as [37]

𝑤0(𝑡) =
1
2
𝑎

(
1 − cos

2𝜋𝑣
𝑙
𝑡

)
0 ≤ 𝑡 ≤ 𝐿

𝑣
(20)
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Figure 5. Flow chart of analysis in this paper.

A. 𝑣 = 300 km/h 𝑙 = 15 mm B. 𝑣 = 300 km/h 𝑙 = 60 mm

C. 𝑣 = 350 km/h 𝑙 = 15 mm D. 𝑣 = 350 km/h 𝑙 = 60 mm

Figure 6. Results of contact force at different wave depths of rail irregularity.

where 𝑣 is the vehicle speed, 𝑎 is the wave depth of the track irregularity, 𝑙 is the wavelength of the track
irregularity, and 𝐿 is the length of the track.

The response of the high-speed overhead system-pantograph-vehicle-track is solved by employing the iterative
algorithms proposed in Section 3.

The resulting contact force of the pantograph-overhead system with different wave depths of rail irregularity is
shown in Figure 6A-D, inwhich the vehicle speeds are 300 and 350 km/h and thewavelengths of rail irregularity
are 15 and 60 mm, respectively. All the results of contact force are filtered in the frequency range of interest
from 0 to 20 Hz. It can be observed that the increase of the wave depth of rail irregularity leads to a significant
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A. 𝑣 = 300 km/h 𝑙 = 15 mm B. 𝑣 = 300 km/h 𝑙 = 60 mm

C. 𝑣 = 350 km/h 𝑙 = 15 mm D. 𝑣 = 350 km/h 𝑙 = 60 mm

Figure 7. Results of pantograph head uplift at different wave depths of rail irregularity.

increase of the fluctuation in contact force between the pantograph and the overhead system. When the wave
depth increases from 0 to 8 mm, the waveforms of the contact force are similar at the two different vehicle
speeds, while the fluctuation in contact force increases. However, when the irregularity wave depth increases
up to 12 mm, the waveform of contact force undergoes a big change and a bigger fluctuation in contact force
can be observed. In particular, at the wave depth of 12 mm, contact loss can be found and the maximum
contact force reaches 380 N in Figure 6A. The overall maximum value of contact force appears in Figure 6C,
which reaches more than 420 N.

The corresponding results of the pantograph head uplift and the contact wire deflection at contact point are
shown in Figure 7A-D and Figure 8A-D, respectively. The structural characteristics of the overhead system can
be observed obviously from the vibration of the pantograph head, as well as the displacement of the contact
wire. Similar to the contact force, the vibrations of the pantograph head and the contact wire also experience
continuous increases with the increase of the wave depth of rail irregularity. The minimum values of the
pantograph head uplift and the contact wire deflection appear in Figure 7A and Figure 8A, respectively, when
the irregularity wave depth increases to 12 mm at a vehicle speed of 300 km/h. The maximum values appear
in Figure 7C and Figure 8C at a vehicle speed of 350 km/h and an irregularity wavelength of 15 mm.

To evaluate the influence of the rail irregularity wave depth on the current collection of the pantograph-
overhead system, the standard deviation of contact force is shown in Figure 9 at different wave depths of
rail irregularity. It is found that the standard deviation increases continuously with the increase of the wave
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A. 𝑣 = 300 km/h 𝑙 = 15 mm B. 𝑣 = 300 km/h 𝑙 = 60 mm

C. 𝑣 = 350 km/h 𝑙 = 15 mm D. 𝑣 = 350 km/h 𝑙 = 60 mm

Figure 8. Results of contact wire deflection at contact point at different wave depths of rail irregularity.

depth of rail irregularity. Especially when it reaches 6 mm, the standard deviation shows a sharp increase. It
can be concluded that the increase of the wave depth of the rail irregularity can lead to a significant increase of
the fluctuation in contact force, which may result in the deterioration of current collection of the pantograph-
overhead system.

Apart from the analysis of the dynamic performance at wave depths of rail irregularity, the following investiga-
tionmainly focuses on revealing the influence of thewavelength of rail irregularity on the pantograph-overhead
system interaction. Suppose that the wave depth of rail irregularity is 10 mm, and the vehicle speeds are 300
and 350 km/h, respectively. The results of the contact force with different wavelengths of rail irregularity are
shown in Figure 10A,B. It is found that, although the wave depth of rail irregularity remains unchanged, the
contact force changes with the wavelength of rail irregularity at each vehicle speed.

The corresponding results of the pantograph head uplift and the contact wire deflection are shown in Fig-
ure 11A,B and Figure 12A,B, respectively. The difference in the dynamic response with different wavelengths
of rail irregularity can be observed obviously. The vibrations of the pantograph head and contact wire are
different at different wavelengths of rail irregularity. The results of the standard deviation of contact force at
different wavelengths of rail irregularity are plotted in Figure 13. It can be observed that the standard deviation
changes much with different wavelengths of rail irregularity. Generally, the trends of the standard deviation
with respect to the irregularity wavelength at different vehicle speeds are similar. The maximum value reaches
55.6 and 47.9 N with the same irregularity wavelength of 80 mm at vehicle speeds of 350 and 300 km/h, re-
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Figure 9. Standard deviation and statistical minimum value of contact force at different wave depths of rail irregularity.

A. 𝑣 = 300 km/h 𝑎 = 10 mm B. 𝑣 = 350 km/h 𝑎 = 10 mm

Figure 10. Results of contact force at different wavelengths of rail irregularity.

spectively. The overall minimum value of the standard deviation of contact force can be found in the case
with the irregularity wavelength of 20 mm, which may ensure a relatively good current collection quality for
the pantograph-overhead system. Thus, it can be concluded that both the wave depth and wavelength of rail
irregularity seriously affect the interaction performance. Therefore, it is necessary to include them in the sim-
ulation and design of overhead system-pantograph for high-speed trains. It is also important to determine any
rail irregularity wavelength that is detrimental to the current collection, which should be investigated in the
future.

It is well known that rail irregularity can lead to vibration of the car body. Figure 14A shows the displacement of
the car body with the rail irregularity wavelength of 15 mm and wave depth of 10 mm at a vehicle speed of 300
km/h. A spectral estimationmethod is utilized to analyze the frequency characteristics, as shown in Figure 14B.
The spatial frequency with the highest power appears at 0.067 m−1, which corresponds to a wavelength of 15
mm. The influence of the rail irregularity on the pantograph-overhead system can be considered as an external
perturbation exerted on the bottom of the pantograph. The corresponding displacement of the pantograph
head is shown in Figure 15A in parallel with the displacement calculated without rail irregularity. Their power
spectrums of the pantograph head uplift are shown in Figure 15B. It can be observed that the significant peak
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A. 𝑣 = 300 km/h 𝑎 = 10 mm B. 𝑣 = 350 km/h 𝑎 = 10 mm

Figure 11. Results of pantograph head uplift at different wavelengths of rail irregularity.

A. 𝑣 = 300 km/h 𝑎 = 10 mm B. 𝑣 = 350 km/h 𝑎 = 10 mm

Figure 12. Results of contact wire deflection at contact point at different wavelengths of rail irregularity.

Figure 13. Results of standard deviation of contact force at different wavelengths of rail irregularity.

of the power spectrums appears at 0.02m−1, which corresponds to the span of overhead system. The frequency
of the interval of droppers can also be observed (about 0.1 m−1). Although the rail irregularity changes the
spectral power distribution of the pantograph head displacement to some extent, the frequency characteristics
of the rail irregularity cannot be significantly observed from the power spectrum of the pantograph head uplift.
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A. Car body displacement B. Power spectrum

Figure 14. Car body displacement and its power spectrum.

A. Pantograph head uplift B. Power spectrum

Figure 15. Pantograph head uplift and its spectral estimation.

4.2. Influence of random rail irregularity
The irregularity of a real track can be considered a random variable. In this section, the random rail irregularity
is included in the trackmodel, and its influence on the pantograph-overhead system interaction is studied. The
track irregularity can be split up from the lowest (1) to the highest (6) quality classes [24] to study the dynamics
of pantograph and overhead system interaction. The PSD function of the rail irregularity with different levels is
presented in Table 4. The results of the contact force, pantograph head uplift, and contact wire deflection with
different types of track irregularity are shown in Figures 16-18, respectively. Figure 16 shows that the contact
force with the lowest-quality track fluctuates more compared with the others at each vehicle speed. A similar
conclusion can be obtained for pantograph head uplift and contact wire deflection [Figure 17 and Figure 18].
The vibrations of the contact wire and the pantograph head with the lowest-quality track are significantly larger
than others, which may exert a negative influence on the current collection. It is obvious that, due to the low
quality of track, not only the maximum values of the vertical displacements of pantograph head and contact
wire increase, but also the minimum values decrease.

The results of standard deviation of contact force with different qualities of track irregularities at vehicle speeds
of 300 and 350 km/h are shown in Figure 19. It can be observed that the fluctuation in contact force shows
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Table 4. Coefficients of rail irregularities with different rail levels

Coefficient
Rail quality level

1 2 3 4 5 6

PSD of rail irregularity
𝑆𝑣 (𝜙) =

𝐴𝑣 𝜙
2
𝑣2 (𝜙2+𝜙2

𝑣1)
𝜙4 (𝜙2+𝜙2

𝑣2)

𝐴𝑉 /(10−7 m) 16.72 9.53 5.29 2.96 1.67 0.95
𝜙𝑣1/(10−2 m) 2.33 2.33 2.33 2.33 2.33 2.33
𝜙𝑣2/(10−1 m) 1.31 1.31 1.31 1.31 1.31 1.31

A. 𝑣 = 300 km/h B. 𝑣 = 350 km/h

Figure 16. Results of contact force with different types of track irregularities.

A. 𝑣 = 300 km/h B. 𝑣 = 350 km/h

Figure 17. Results of pantograph head uplift with different types of track irregularities.

a continuous decrease with the improvement of the rail quality. For the quality class of 2-6, the standard
deviation of contact force does not experience a significant change, which means that the influence of the
random track irregularity is not as significant as the track irregularity with specific wave depth and wavelength.
This conclusion is consistent with that found in [24].

Ballastless track is widely used in modern high-speed railway systems, in which the elasticity of track is mainly
provided by the rail pad, as shown in Figure 20. This kind of track is designed to ensure amore stable operation
of high-speed vehicles compared with the traditional track. Hence, the influence of the vehicle-ballastless track
vibration on the pantograph-overhead system dynamic response is investigated compared with the traditional
track. Consider that the quality level of track irregularities is 1 and the vehicle speeds are 300 and 350 km/h,
respectively.
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A. 𝑣 = 300 km/h B. 𝑣 = 350 km/h

Figure 18. Results of contact wire deflection at contact point with different types of track irregularities.

Figure 19. The results of standard deviation of contact force with different qualities of track irregularities.

Figure 20. Ballastless track.

The results of contact force calculated with the traditional track and the ballastless track are compared in
Figure 21. It can be observed that, at each vehicle speed, the results of contact force calculated with different
kinds of tracks do not exhibit a large difference. However, by comparing the results of the pantograph head
uplift [Figure 22], as well as the contact wire deflection at contact point [Figure 23], one can observe that the
ballastless track can reduce the vibration of the pantograph head and the contact wire slightly. The standard
deviations of contact force with the traditional track and the ballastless track are compared in Figure 24. They
experience slight decreases of 0.26 and 0.43 N at 300 and 350 km/h, respectively, when the ballastless track is
used. Thus, the ballastless track can make a small contribution to improving the current collection quality for
high-speed pantograph-overhead system, in comparison with the traditional track.

The lower frame stiffness 𝐾3 and damping 𝐶3 serve as the connector between the vehicle and pantograph,
which determines the vibration transmission from the vehicle-track to the pantograph-overhead system. In
the previous studies, the influence of parameters of pantograph on the contact force is studied without consid-
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A. 𝑣 = 300 km/h B. 𝑣 = 350 km/h

Figure 21. Comparison of contact force between traditional tack and ballastless track.

A. 𝑣 = 300 km/h B. 𝑣 = 350 km/h

Figure 22. Comparison of pantograph head uplift between traditional tack and ballastless track.

A. 𝑣 = 300 km/h B. 𝑣 = 350 km/h

Figure 23. Comparison of contact wire deflection at contact point between traditional tack and ballastless track.
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Figure 24. Results of standard deviation of contact force with traditional tack and ballastless track.

A. Contact force B. Pantograph head uplift

C. Contact wire deflection D. Standard deviation

Figure 25. Results of the pantograph and overhead system dynamic response with different 𝐶3.

ering the locomotive vibration [38,39]. In this paper, the influence of parameters 𝐾3 and 𝐶3 on the pantograph-
overhead system interaction is studied. Consider that the vehicle speed is 300 km/h and the quality class of
track irregularity is 1. The results of contact force with different 𝐶3 are compared in Figure 25A. It is found
that the lower frame damping 𝐶3 has a noticeable effect on the contact force, and it reduces contact force
fluctuation [Figure 25D]. This damping is seen to have the same vibration effect on the pantograph head and
contact wire [Figure 25B,C] and thus is able to improve the current collection quality.
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A. Contact force B. Pantograph head uplift

C. Contact wire deflection D. Standard deviation

Figure 26. Results of the pantograph-overhead system dynamic response with different 𝐾3.

The results of dynamic response with different 𝐾3 are shown in Figure 26A-D. It is clear that the increase of
the lower frame stiffness 𝐾3 leads to a noticeable increase of the fluctuation in contact force [Figure 26A],
pantograph head uplift [Figure 26B], and contact wire deflection [Figure 26C]. The standard deviation of the
contact force shows a continuous increase with the increase of 𝐾3 [Figure 26D]. It can be explained that the
increase of 𝐾3 enhances the transmission of vibration from the track vehicle to the pantograph. Thus, a large
𝐾3 is not good for maintaining a stable current collection for the pantograph-overhead system.

5. CONCLUSIONS
This paper mainly focuses on the analysis of the influence of vehicle-tack vibration on the dynamic behavior of
the pantograph-overhead system for the modern high-speed railway. A whole coupling model of railway sys-
tem is established. A numerical algorithm for solving the coupled model is proposed, which is realized by the
combination of the nonlinear finite element procedure for the pantograph-overhead system and the solution
procedure for the vehicle-track dynamics. The influence of the vehicle-track vibration on the pantograph-
overhead system interaction is studied through several numerical examples. The conclusions can be summa-
rized as follows:

(1)The increase of the track irregularity wave depth leads to the increase of the fluctuation in contact force and
the vibration of the pantograph-overhead system, which may aggravate the current collection.
(2) The wavelength of track irregularity exerts a noticeable effect on the dynamic behavior of pantograph-
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overhead system. It is necessary to find the wavelength of track irregularity which is detrimental to the current
collection in future works.
(3)The frequency characteristics of the rail irregularity can be detected from the car body response significantly,
which cannot be observed from the power spectrum of the dynamic response of the pantograph head uplift.
(4) A higher-quality track is more beneficial to the pantograph-overhead system current collection compared
to a lower-quality track.
(5) The use of the ballastless track can slightly improve the current collection of the pantograph-overhead
system.
(6)The increase of𝐶3 can suppress the vibration of the pantograph and overhead system. A smaller 𝐾3 is better
for the current collection of the pantograph-overhead system. This investigation may provide a beneficial
reference for the optimization of the pantograph-overhead system considering the vehicle-track vibration.

It should be noted that the lumpedmassmodel of the pantograph used in this paper is a physical representation
of the first several critical modes of a realistic one. The adopted model can only consider the effect of very
low-frequency effect of vehicle-track vibration on the pantograph-overhead system interaction. A multibody
dynamics model that fully describes the geometrical configuration of a pantograph is desired to capture a more
realistic effect of vehicle-track perturbations on the pantograph-catenary system.
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