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APPENDIX

Algorithm1Approximate sparse relation matrix of subdomain − level augmented matrix
1: Input result of KL expansion K𝑠

𝑖,𝐼 𝐼 for 𝑖 = 0, 1, 2, · · · , 𝑚 and 𝑠 = 1, 2, · · · , 𝑁𝑠

2: for 𝑠 = 1, 2, · · · , 𝑁𝑠 do
3: for 𝑖 = 0, 1, 2, · · · , 𝑚 do
4: Calculate R𝑠

𝑖,𝐼 𝐼 = (K𝑠
0,𝐼 𝐼 )

−1K𝑠
𝑖,𝐼 𝐼

5: Calculate R̃𝑠
𝑖,𝐼 𝐼 = ℓ

(
R𝑠

𝑖,𝐼 𝐼

)
by (17)

6: end for
7: Calculate R̃𝑠

𝐼 𝐼 =
∑𝑚

𝑖=0 Θ
(
A𝑖 , R̃𝑠

𝑖,𝐼 𝐼

)
8: end for
9: Output R̃𝑠

𝐼 𝐼

Algorithm 2 Multiplication of argument matrix and vector
1: Input p
2: Initialize q 𝑗 = 0, 𝑗 = 0, 1, 2, . . . , 𝑀 − 1
3: for

(
𝑖, 𝑗 , 𝑘, 𝑐𝑖 𝑗 𝑘

)
∈ do

4: q 𝑗 = q 𝑗 + K𝑖p𝑘

5: q =
{ q0 q1 · · · q𝑀−1

}
6: end for
7: Output q

Algorithm 3 Parallelmultiplicationof e − SC matrixandvector
1: Input p
2: for 𝑠 = 1, 2, 3, · · · , 𝑁𝑠, parallelly do
3: Compute p𝑠 = B𝑠

𝑆p
4: Compute q𝑠

1 = K𝑠
ΓTp𝑠 by Algorism 2

5: Compute q𝑠
𝑎 = K𝑠

𝐼Γp𝑠 by Algorism 2
6: Solve K𝑠

𝐼 𝐼q𝑠
𝑏 = q𝑠

𝑎 . by PCG, preconditioner M𝑠 =
(
I ⊗ K𝑠

0,𝐼 𝐼

)
R̃𝑠

𝐼 𝐼

7: Compute q𝑠
2 = K𝑠

Γ𝐼q𝑠
𝑏 . by Algorism 2

8: Compute q𝑠 = q𝑠
1 − q𝑠

2
9: end for
10: Compute q =

∑𝑁𝑠

𝑠=1

(
B𝑠

𝑆

)𝑇
q𝑠

11: Output q
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Algorithm 4 Parallel computation for the relation matrix of e − SC matrix
1: Establish the second level Boolean matrix B(𝑖)

𝐿 , for 𝑖 = 1, 2, · · · , 𝐿𝑖

2: Compute S =
∑𝐿𝑖

𝑖=1

(
K𝑖

0,ΓΓ − K𝑖

0,Γ𝐼

(
K𝑖

0,𝐼 𝐼

)−1
K𝑖

0,𝐼Γ

)
3: Compute S−1

4: for 𝑖 = 0, 1, 2, · · · , parallelly do
5: Choose 𝑗 and 𝑘 satisfy (𝑖, 𝑗 , 𝑘) ∈ 𝔍
6: Compute R(𝐿𝑖+1,𝐿𝑖+1)

𝑗 𝑘 by Equation (47)
7: for 𝑠 = 1, 2, 3, · · · , 𝐿𝑠 do
8: Compute R(𝐿𝑖+1,𝑠)

𝑗 𝑘 by Equation (45)
9: Compute R(𝑠,𝐿𝑖+1)

𝑗 𝑘 by Equation (48)
10: for 𝑡 = 0, 1, 2, 3, · · · , 𝐿𝑠 do
11: Compute R(𝑡,𝑠)

𝑗 𝑘 by Equation (46)

12: Approximate R̃(𝑡,𝑠)
𝑗 𝑘 = ℓ

(
R(𝑡,𝑠)

𝑗 𝑘

)
by Equation (17)

13: end for
14: Approximate R̃(𝐿𝑖+1,𝑠)

𝑗 𝑘 = ℓ
(
R(𝐿𝑖+1,𝑠)

𝑗 𝑘

)
by Equation (17)

15: Approximate R̃(𝑠,𝐿𝑖+1)
𝑗 𝑘 = ℓ

(
R(𝑠,𝐿𝑖+1)

𝑗 𝑘

)
by Equation (17)

16: Approximate R̃(𝐿𝑖+1,𝐿𝑖+1)
𝑗 𝑘 = ℓ

(
R(𝐿𝑖+1,𝐿𝑖+1)

𝑗 𝑘

)
by Equation (17)

17: Assembly R̃′
𝑗 𝑘 by Equation (49)

18: Approximate R̃𝑖 = ℓ(R 𝑗 𝑘 ) by Equation (17)
19: end for
20: end for
21: Assembly R̃ according to R̃ 𝑗 𝑘 by

𝑚∑
𝑖=0

𝑐𝑖𝑟𝑞R𝑖

22: Output R̃
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Algorithm 5 Approximate sparse approach for the e − SC system
1: Input uΓ = 0; 𝜀 = 1
2: Parallelly compute r = g − KuΓ by Algorism 3
3: Parallel Preconditioned Residual: r = Θ

(
I,K0

)
R̃z

4: Compute: p = z
5: Compute: 𝛿 = (r, z)
6: While 𝜀 ≤ 10−8,do :
7: Parallelly compute q = Kp by Algorism 3
8: Compute: 𝛾 = (q,p)
9: Compute: 𝛼 = 𝛿/𝛾
10: Update:uΓ = uΓ + 𝛼p
11: Update: r = r − 𝛼q
12: Parallel Preconditioned Residual: r = Θ

(
I,K0

)
R̃z

13: Compute: 𝛽 = (r, z)/𝛿
14: Compute: 𝛿 = 𝛽𝛿

15: Update: p = 𝑧 + 𝛽p
16: 𝜀 = (r, r)/(g,g)
17: End while
18: Output : uΓ
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