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Abstract

In this paper, we examine the stability of highly nonlinear switched stochastic systems (SSSs) with time-varying de-
lays, where the switching time instants are deterministic rather than stochastic. Herein, the boundedness of the
global solution is first proven for highly nonlinear SSSs via the average dwell time (ADT) method and multiple Lya-
punov function (MLF) approach. Then, the stability criteria for 4th moment exponential stability and almost surely
exponential stability are presented. The main difficulty lies in the presence of switching and time-varying delay terms,
which prevents the validation of existing methods. New inequality techniques have been developed to counteract the
effects of switching signals and time-varying delays. Finally, an example is provided to verify the effectiveness of the
results.

Keywords: Highly nonlinear switched stochastic systems, deterministic switching signal, time-varying delays, aver-
age dwell time, multiple Lyapunov function
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1. INTRODUCTION

Switched systems are important dynamic systems. The idea of switching has been widely applied in various
fields, such as aircraft attitude control ['], ecological dynamics ?!, and financial markets®!. With the increasing
complexity of system architectures, dynamical analysis of switched systems has attracted significant academic
interest. A switched system consists of a family of continuous-time dynamics, discrete-time dynamics, and
switching rules between subsystems. According to the switching signal features, switched systems are divided
into two categories, namely, deterministic switched systems and randomly switched systems. Many researchers
have focused on stabilization and stability analyses of various switched systems. For example, in (%, a series of
results on stochastic differential equations (SDEs) with Markovian switching was obtained. In particular, the
authors have provided some useful stability criteria. In5), the authors studied the input-to-state stability of
time-varying switched systems by employing the ADT method coupled with the MLF approach. The authors
of 1) investigated the stability of switched stochastic delay neural networks with all unstable subsystems based
on discretized Lyapunov-Krasovskii functions (DLKFs). Inl”l, a novel Lyapunov function was designed to
ensure a non-weighted £, gain for switched systems with asynchronous switching. In!®), a hidden Markov
model was proposed to study the finite region H, asynchronous control problem for two-dimensional Markov
jump systems. Other interesting researches on switched systems can be found in[®~'") and references therein.

The linear growth condition (LGC) is crucial for ensuring the existence of a global solution for a stochastic
system. However, many stochastic systems do not satisfy LGC. Hence, the solution of a stochastic system
may explode in a finite time. Recently, the stability of stochastic systems without LGC has drawn consider-
able attention. For instance, the authors of '} investigated the stability and boundedness of nonlinear hybrid
stochastic differential delay equations without LGC based on a Lyapunov function approach. By introducing a
polynomial growth condition (PGC),*} discussed the stabilization problem of highly nonlinear hybrid SDEs.
The input-to-state practically exponential stability in the sense of mean square was introduced in["*l. Suffi-
cient conditions for stability have been obtained. Additionally, other meaningful results were reported in (']
andl'¢).

Time-delay is an important factor that affects dynamical performances of stochastic systems. By constructing a
suitable Lyapunov function, the authors of "2/ studied the stability and boundedness of highly nonlinear hybrid
stochastic systems with a time delay. The authors of ") used the ADT method to study the stability problem of
SSSs, where the switching signals are deterministic. Based on the stability criteria for stochastic time-delay sys-
tems, the authors of ') introduced a suitable Lyapunov-Krasovskii (L-K) functional, and discussed the global
probabilistic asymptotic stability of the closed-loop system. In[*°], the Razumikhin approach was presented to
study the exponential stability of a class of impulsive stochastic delay differential systems. Using the piecewise
dynamic gain method, the authors of ?°! studied the global uniform ultimate boundedness of switched linear
time-delay systems. Motivated by the aforementioned literature, the stability of highly nonlinear SSSs with
time-varying delays is studied in this paper. Figure 1 shows the framework of this paper.

The challenges of this article lie in the following two parts: (1) The time delay studied here is merely a Borel
measurable function of time 7. That is to say, it may be non-differentiable with respect to time 7, which means
that the existing methods regarding constant delays or differentiable delays are no longer applicable; (2) Rather
than a Markovian switching signal, a deterministic switching signal is involved in the studied system, indicating
that Markovian switched systems based M-matrix method is invalid. To address the influences of deterministic
switching signals, an ADT method coupled with the MLF approach is utilized in our stability analysis.

The main advantages of this paper are as follows:

(1) Without the LGC, the existence and uniqueness of a global solution is proven for highly nonlinear SSSs,
where a deterministic switching signal rather than a Markovian switching signal is considered.

(2) By integrating the ADT method and MLF approach, the gth moment exponential stability and almost
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Figure 1. Framework of the paper.

surely exponential stability are presented for highly nonlinear SSSs with time-varying delays.

The remainder of this paper is organized as follows. An introduction of the model and important assumptions
are given in Section 2. The existence of a unique global solution and stability analysis are presented in Sections 3.
In Section 4, a simulation example is presented to validate our theoretical results. Finally, Section 5 concludes
the paper.

Note: In this paper, Ry = (0,00), Ny = 1,2,--- ,k,---, N = N, U {0} with « being a positive finite integer,
R" denotes the n-dimensional real space. For x € R”, |x| = (XL, xiz)% denotes the Euclidean norm of vector.
For any matrix A € R™", |A| = VAT A denotes the trace norm of matrix A, where A7 is the transpose of
matrix A and tr{A} denotes its trace. For 7 > 0, C([—7,0];R") denotes the space of all continuous functions
¢ from [-7,0] — R" with the norm ||¢|| = sup_,., .o l¢(u)l, C%([—T, 0]; R") denotes the family of all Fo-
measurable bounded C([-7,0]; R")-valued random variable &£ = {£(0) : —7 < 6 < 0}. Let (Q,%,P) bea
complete probability space with a filtration {%;},50. B(¢)=(Bi(?), - --, Bjy()) denotes an m-dimensional ;-
adapted Brownian motion, which is defined on a complete probability space. In addition, V!> denotes the
family of all non-negative functions V(z,x,i) : [-7,00) X R" x I' — R4, which are first-order continuously
differentiable in 7 and second-order continuously differentiable in x. Let C([—7, c0) X R"; R;) be the family of
continuous functions W : [-7, c0) XR" — R,. For real numbers a and b, a Ab = min{a, b}, aV b = max{a, b}.

2. PRELIMINARIES

Model descriptions and assumptions are introduced in this section. In this study, we analyzed the following
highly nonlinear SSS with time-varying delays:

dx(t) = fou (t,x(2),x(t = 6,))dt + g5y (t, x(2), x(t — 6,))dB(t), (1)

with the initial value:
{x(1) : -m <1 <0} =¢ € C. ([-m, O];R"), (2)
where m > 0 is a constant and switching signal o(¢) : [0,00) — T" = {1,2,--,«} is a piecewise constant

function that is continuous from the right. In particular, it is a non-random function of 7. For ¢ € [t,,, tjn+1),
o(t) = i, € T, where 1, is the mth switching time instant and m € N. For each i € T’, the mappings
fi i R*XR"xR" = R"and g; : R* x R" X R" — R™" are Borel-measurable functions. Compared with [*],
one of the merits of this paper is that the time delay ¢, is merely a Borel measurable function of 7 and may be
non-differentiable. Precisely, we need to impose some requirements on the time-varying delay ¢;.
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Assumption 1 The time-varying delay &, is a Borel measurable function of t from R, — [my, m] with the prop-
erty that

M
m = lim sup( sup —,u( ‘Y’A)) < o0, (3)
S

A—0, \s2-m A
where my and m are positive constants, My, = {t € Ry 1 t =&, € [s,5+ A)} and u(-) denotes the Lebesgue
measure on R,.

Remark 1 Assumption 1 reveals that the time delay in SSS (1) is merely a Borel measurable function of time
t, which means that it may be non-differentiable with respect to time t. In most reported studies on SSSs (see,
e.g.,[2121), the time delay 6, is always assumed to be a differentiable function and its time derivative &, should
satisfy 6, < & < 1 with § being a positive constant. However, this condition is too conservative for practical
application. Many time-delay functions in actual systems do not satisfy this assumption. For example, a time-
varying delay 6, is defined as 6, = 0.5 + 0.25|sin(10¢)|. If 8, is a Lipschitz continuous function with a Lipschitz
coefficient my € (0, 1), namely, |6; — 65| < ma|t — s|, then for all0 < s <t < co. Then, §; satisfies Assumption 1
with m = (1 —my)~\. In particular, if 5, is differentiable and its derivative is bounded by m € (0, 1), then &, still
satisfies Assumption 1. From a theoretical perspective, a large class of functions 6, can satisfy Assumption 1. Note
that the constant m must not be less than 1 (i.e., m > 1). This point can be obtained from the following lemma,
withy = 1.

The following lemma provides a useful inequality to obtain the stability of the SSS (1) with time-varying delays,
and its proof can be found in ¢,

Lemma1 "9 LetT > 0and y : [t —m,T —m;] — R* be a continuous function. If Assumption 1 holds, then

T T-m
/ Y(t—6,)dt < n‘z/ W (t)dte. (4)

o—m

The conditions for the existence and uniqueness of global solution are the local Lipschitz condition (LLC) and
the LGC (see, e.g.,[*72%2%]). In this paper, the highly nonlinear SSS (1) generally does not require the LGC.
Consequently, we must impose the PGC on it.

Assumption 2 (LLC & PGC) For any real number b > 0,i € T, there exists a constant K;,; > 0 such that
Lfi(t, %, y) = fi(t, %, )| V 18i (1, %, y) = 8i(, X.9)| < Kpi(|x = X[ + [y =), (5)

forallx,x,y,y € R", where |x| V |X| V |y| V |§] < b. Moreover, there exist constants K > 0,1 > 1,as > 1 such
that

|fi(t, o, y)| < K(L+ [x|*" + [y]*),
lgi (7, x, )| < K(1+[x[* + [y]*?), (6)
where (t,x,y) € R* XR" xR" andi € T.

Assumption 3 Assume that there are two functions A € V92([-m, ) x R" x [';R,) and W € C([-m, o0) X
R™;R,), as well as positive numbers ay, az, A1, A3 and real numbers Ay, A4, satisfying 11 > A2,A3 > A4 and
q > 2,1; > 1, such that for any (t,x,y,i) € Ry XxR" xR" X T,

arlx|? < A(t,x,i) < azlx|?, (7)
A(t,x,0) < pwiA(t,x, j), VY(t,x,i) € Ry xR" xT, (8)
1
LA(I,)C, y9 l) = Al(taxa l) +Ax(t9-x9 i)ﬁ(t?'x? y) + Etrace{giT(t,-x’ )’)Axx(t,X, i)gi(t9x9 )’)}
< =W () + W (y) — Aslx|? + 4y, (9)
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where y = x(t — 6;) and

~ _ O0A(t,x,10)

A b 9 = —’

(2%, 1) ot

L [0A(t,x,0) OA(t,x,1Q)

Ac(t,x,0) = ( o o, )

02 A(t,x,1)
Axx X, 1) = .
(50 ( 0x;j0x )m

Moreover, assume that there exists a constant € > 0, such that

A3 — Agme®™ —gar =0, (10)
A1 — me®™ > 0. (11)

Remark 2 The system studied in this research has the property of high nonlinearity. In other words, the LGC is
removed from the SSS (1), which makes the considered system more general. Without the LGC, the solution of a
stochastic system may explode in a finite time. To ensure the existence of a global solution, a PGC (i.e., condition
(6)) is imposed on the SSS (1) (see, e.g., [13,27,28] ) Therefore, the system (1) we studied obeys the LLC (i.e., condition
(5)) and the PGC. By combining the MLF approach and ADT method, we then prove the existence and uniqueness
of the global solution.

Before presenting the main results, the definition of ADT is revisited.

Definition 1 [/ For a switching signal (1) and any t > s > 0, T;(t, s) and N;(t, s) denote the whole running
time and the switching number of the i-th subsystem over the interval [ s, t], respectively, i € T'. Then, the following
inequality holds:
T:(t,s
N;(t,s) < —l} ) + Noi,

at

where Jy; > 0 is called the mode-dependent ADT and No; > 0 is the mode-dependent chatter bound.

3. MAIN RESULTS

In this section, we prove the existence of a unique global solution for a highly nonlinear SSS (1) by using the
ADT and MLF approaches. Then, both the gth moment exponential stability and almost surely exponential
stability are provided for a highly nonlinear SSS (1).

Theorem 1 Under Assumptions 1-3, if there exists a constant € > 0 such that

In g

TJai > (12)

Then, for any initial data (2), there exists a unique global solution x(t) for the SSS (1) on [—m, o0), and the solution
satisfies

sup  E|x(1)]? < oo. (13)

—m<r<oo

Proof. We divide the whole proof into two steps. In step 1, for all i € S, we prove that the i-th subsystem with
the initial value x;(0) has a unique global solution x; (7). In step 2, when each subsystem has a unique global
solution, the SSS (1) with a deterministic switching signal has a unique global solution x(7) on [—-m, o).

Step 1. For all i € S, the control system becomes

dxi(t) = fi(t, xi (1), yi(1))dt + gi(t, x;(2), yi(1))dB(1), = —m, (14)
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where y;(t) = x;(t — 6;). Under the LLC, system (14) has a unique maximal global solution on [-m, p.),
denoted as x;(7), where p' is the explosion time. Then, we prove p’;, = co a.s. Thus, it is necessary to define
the stopping time sequence. Let ko be a constant sufficiently large to satisfy ko > |x;(0)|. For any integer
k = ko, we define the stopping time sequence as follows:

Sk = inf{r € [0, pl), [xi(1)] > k}.

Clearly , 6y, increases as k — oo and therefore we set 6o ; := lim ;. Observe that deo; < peo; a.s. Thus,

k—o0

Oeoi = 09, a.8., which yields po; = 00 a.s. From the Ité formula and condition (9), it is easily proven that
Ee® M CON(t A Si iy xi(t A Sk ), 1)

tAG, J
= Ee“™A(ty, x; (1), 1) + E/ ' e leN(s,x;(s),0) + LA(s, x;(s),i)]ds

to

< Ee®A(to, xi(to),i) + E /Méki e [easlx;(s)|7 = LW (xi(s)) + W (yi(s))

]

— 3|xi ()17 + Aalyi(s)|7]ds.

By Lemma 1, we have

tAOk,i
E/ e W(x;(s — 85))ds

]

[/\5](’,'
< e‘gmnﬁE'/ e W(x;(s))ds
1

0o—m
to t/\6k,,'
< eemrhE/ e=*W(x;(s))ds + egmrﬁE/ e“*W(x;(s))ds, (15)
to—m 1o
and
tAOk,;i
E/ e |xi(s — 85)|9ds
fo
[AOk,i
< esmﬁzE/ e |x;(s)|9ds
to—m
to t/\6k’,'
< emn—iE/ e |x;(s)|9ds + esmn"iE‘/ e |x;i(s)|?ds. (16)

to—m To

Hence,
Ee® ORIt A Sg i xi(t A 61i), i)
NSk i tAGk,i
< C— (A3 — Agme®™ — saz)E/ e lxi(s)|9ds — (A — /lgn"w””)E'/ e”*W(x;(s))ds,
o 1o

where

to
C:E( sup eS’OA(tO,f,i))+/lgn‘1e””E( sup / eﬁtOW(g)ds)
1

[to—m.10] [to—m,to] Jto—m

1o
+/l4n'1e‘9mE( sup / eat0|§;|qu)
1

[to=m,to] Jto—m

is a finite constant. Applying (10) and (11) from Assumption 3, we can deduce that

Eeé‘(f/\ék.i)A(t A 5k’,~,x,~(l‘ A 6k,i)7 l) <C.
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Recalling the condition (7), we can get
Ea e ") x, (1 A 6y )|? < C.
This implies
kIP(8p; < 1) < Elxi(t A9 < aﬁle—swk,i)_
We observe that

¢ —&(tAOk,i)
P((Sk,,' <t)< me R

Letting k — oo yields that P(6«; < t) = 0. Hence, 6w = oo a.s. Therefore, we have po,; = oo a.s. This implies
that the unique solution for the i-th subsystem (14) will not explode in finite time.

Step 2. This section proves the existence of a unique global solution for SSS (1). Let ko > 0 be a sufficiently
large integer, such that kg > [x;(0)], where |x;(0)| is the initial data of the i-th subsystem. For any integer
k = ko, we define the stopping time sequence as follows:

51 = inf{t € [tnstar1) : [5(D] > K}.
Clearly, 67 increases as k — oo. For t € [19,11), 0°(t) = iy, using the Ité formula, we have

EeS MDA A 89, x(t A 69).io)

tASY
< EeA(tg, x(19), io) + E/ e 5 (s,ig)ds, (17)

0]
where Z(s,i9) = eA(s,x(s),i0)+LA(s,x(s),y(s),io). Letting z = 11, according to condition (8) in Assumption
3, we derive that

Ee® A(t1,x(11),11) < wiEe® A(t1,x(11),io)

I3}
< pi[Ee‘”"A(to,x(to),io)+E/ e 5 (s,ip)ds]. (18)

]

Fort € [t1,12), o (t) = i], we obtain

Ee MDA (s A Sy (1 A8y, it)

NS}
SEESI'A(Il,X(ll),l'1)+E/ ESSE(S,il)dS. (19)

141

Combining (18) and (19), it implies that

Ee® DN A 6L x(1 ASL), i)

n

NG}
< wi[Ee®™A(tg, x (1), io) + E/ e E(s,ip)ds| + E/ e®* 2 (s,i1)ds. (20)

to 141

Fort € [t,,_1,t,) and o (t) = i,,_1, we assume that

EEDIAG A x(t A 87, i)

t/\(;mfl

k 4
< Ee®m A (b1, X(ty=1), im-1) + E/ e E(s,ip_1)ds

Im-1

4l
< Ml{Vi(lm-l,lo)EestoA(tO,x(to)’ io) + M[Ni(tm—]JO)E / e 5 (s,ip)ds

to

%) Im-1
Ni(tm-1:t0)~1 — — .
+ 1 i(tm-1:t0) E/ e‘”.:(s,ll)ds+~-+,u,-E/ e E(s,ip_0)ds
1 tm-2
s
+E e E(s,iy_1)ds. (21)
tm—-1
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By mathematical induction, for ¢ € [#,,, t;+1) and o (7) = i), we have
" NG}
Ee® NNt A ST, x(t A )sim) = Ee™ N(ty, X (1), im) + E/ e E(s,iy)ds. (22)
tm

It follows from (8) and (21) that
Ee® "Nt A ST, x(t NS, im)
NG}
< WEe ™ AN(ty, x(tm),im_1) + E/ e E(s,ip)ds
Im

13
< u;\/i(t'"’IO)Ee‘g’OA(to,x(to), i) + u?/i(t’"’tO)E/ e E(s,ip)ds + -+

to

tm-1 tm [/\62"
+ ,u?E / e 5 (s, im-)ds + W E / e 5 (s, iy-1)ds + E / e E(s,iy)ds. (23)

tm-2 Tm-1 Im
Because y; > 1, we obtain from (23) that
LAY
E e(tne™) m my - Ni(1,10) &ty . K es o .
e HKA{NG,x(tASY),im) S [Ee®™ A(tg, x(10),i0) + E e Z(s,i,y)ds].
to
Similar to the proof stated in Part 1, we can derive
» N INOY!
Ee® "N A ST, x( A 0% )sim) < W "(t’l‘))[Cl - (A - /lzn"w””)E/ e”*W(x(s))ds

]
m
IAS)]

— (A3 — Agme®™ — saz)E/ e |x(s)|%ds],

fo

where

to
Ci :E( sup est"A(to,f,io))+/12ﬁ1eEmE( sup / eatOW(f)ds)
1

[to—m.10] [to—m,to] Jto—m

1o
+ /l4n'1esmE( sup / e’ |§|"ds),
191

[to—m,tg -m

is finite. Then,

Ee MDA A S x(1 A, im) < Crp . (24)

Recalling condition (7), we obtain
Ele(t A gp)[? < SLplite0 gmeanap,
ai

This implies

Ci Ni(tto) —e(nem
P(s™ < 1) < — = [ Niltst0) ,—e(tnd?)
(9% ) alk‘lﬂ’

Letting k — oo, we observe that P(6% < 7) = 0 and hence §22 > r a.s. We let k — oo in (24) to obtain

EA(t,x(1), 0 (1)) < p 0 Cpe.
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Using Definition 1, we have that for7 > Oandi € T,

t—1p
+N(),'
EA(t,x(1),0(1) < Cu, Tai e e
In ;i
t
< Cl,uf.vo"e Jai ¢~
5]
—l&e— t
=Cre \ Jai (25)
where C; = C; /JZVO". This implies
C
Elx(1))? < 2. (26)
ai

Therefore, for all m € N, we obtain
EA(tm,x(tm)7O'(tm)) S C2

This means that the unique solution x(#) will not explode for ¢ € [#,,, #,,+1) and m € N. Hence, there exists a
unique global solution {x(z),7 > 0} for SSS (1). Moreover, from (25), we obtain that

sup E|x(1)|? < oo.

—m<t<oo

The proof is completed. o

Remark 3 To deal with the time-varying delay 6,, some new inequalities (e.g., see (15) and (16) for details) are
constructed in the proof for Theorem 1. Compared with the results reported in existing studies!*'=2°], the time
delay &, in this paper is merely a Borel-measurable function, which invalidates these existing methods. By virtue
of Lemma 1, a more general form of time delay can be imposed on system (1).

We now refer to the equation (25) in the proof of Theorem 1. The following theorem provides sufficient con-
ditions for the ¢th exponential stability of system (1) .

Theorem 2 Under the same conditions as those considered in Theorem 1, the solution of system (1) with the initial
value (2) is gth moment exponentially stable. That is,

1
limsup — In E|x(2)|? < 0. (27)

t—00 t

Proof. Applying (25) yields

5]
—|e- t
EA(t,x(1),0(t)) < Cpe Tai
Recalling condition (7), we have
5]
—|e-—— ¢
aElx(1)]9 < Ce \ Jai (28)
Hence, from (12), we observe that
5]
1 1 e ! In u;
lim sup ;1nE|x(t)|q < limsup n In Cze Jai | = —(8 - n,u,) <0,

—00 t—o00 g%i

C
where C3 = ==, which is the required assertion in (27). The proof is completed.
ai
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Remark 4 The difficulty of the proof is that the time delay &, is merely a Borel measurable function of t rather
than a differentiable function of t!'>?*]. This means that the existing results!">**cannot be applied to SSS (1).
By selecting a suitable form of MLE the existence and uniqueness of the global solution are initially proven via
an inequality scaling technique (i.e., Lemma 1). Subsequently, the L1-boundedness of the solution is obtained by
using the ADT method.

The following theorem demonstrates that a stronger result can be obtained under proper conditions.

Theorem 3 Let Assumptions 1-3 hold. If g > 2a V 2z, then the solution of the controlled system (1) with the
initial value (2) is almost surely exponentially stable. That is,

1
lim sup " In(|x()]) <0 a.s. (29)

t—o0

Proof. Let k be any non-negative integer. Using the Hélder and Doob martingale inequalities >/, we obtain

E( sup |x(0)>) <4Elx(k+1)|?

k<r<k+l il
< 4B3E (V)| + 3E / (1 (), y (1)) Pt
k+1 ‘
+12E / g (6 x (1), (1) [2dr].
k

From condition (6), we have

k+1
E( sup |x(t)|2)§12E|x(k)|2+C4E/ (1 + |x(O)]P" + |x(r = §,)|%*")dt
k

k<t<k+1

k+1
+C4E/ (1+ [x())?2 + |x(1 - 6,))%®)dt,
k
where Cy is a positive constant. According to g > 2« V 2a», we derive

(P < (Ex()]) 7 < 1+ Ex(1)[".

Similarly, we also have

Elx()>™ < 1+ E|x(1)]4.

From (28), it follows that

k+1 k+1 k+1 . R
E/ lx(2)|?" dr < 1+E/ |x()|9dr < 1+E/ Cze™®dr < Cse %k,
k k k

Inp;

ai

where Cs is a positive constant, & = & — . Consequently, we can deduce that

E( sup |x(t)|2)SC5e_ék.

k<t<k+1

By the Doob martingale inequality, it follows that

ZP( sup |x(#)] > e—O-ZSék) < Z Cse—o_sgk < .
k=0

=0 \ksi<k+l
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From the well-known Borel-Cantelli lemma 4, it follows that for almost all w € Q, there exists a positive inte-
ger ko = ko(w) such that

sup |x(1)| < e 02k,
k<r<k+1

Therefore, for almost all w € Q,

1 0.252k
-1 <—— 1 > ko.
- In(x(0)]) < G '€ [k.k+1],  k=>ko

Then, we can obtain

lim sup —ln(lx(t)l) <-0.25¢6<0 a.s.
t—o0
which is the required assertion in (29). Thus, the proof is completed.
So far, we can conclude that under Assumptions 1-3, system (1) is not only gth moment exponentially stable
but also almost surely exponentially stable.

Remark 5 In general, for a stochastic nonlinear system, the qth moment exponential stability does not imply
almost surely exponential stability without any imposed conditions. However, this result can be ensured using the
PGC (6). Similar arguments can be found in!*13],

Remark 6 In this paper, the highly nonlinear SSSs with time-varying delays are considered, in which the switching
signal is deterministic and differs from those considered in{'>%2°=32 " In the current study on stochastic systems
with Markovian switching['>1%2°=32 M matrix theory is an efficient tool for achieving stochastic stability. How-
evet, this method is not valid for SSS (1) because a deterministic switching signal rather than the Markovian
switching signal is involved in (1). In this paper, a new stability analysis based on the ADT method coupled with
the MLF approach is developed for SSSs. In our proof, the Lyapunov functions do not need to be specified initially,
which increases the flexibility for the choice of Lyapunov functions in practice.

4. NUMERICAL EXAMPLE

In this section, a numerical example is presented to validate the derived results. Consider the following highly
nonlinear SSS with a time-varying delay:

dx(1) = for(o (8, x(1),x(t = 6(2)))dt + g5 (1) (2, x(2), x(t — 6(1)))dB(1), (30)
where the time-varying delay 6; = 5 4| sin(10¢)[, the initial data x(0) = & = 0.1z with —% 6 <0, and
flexy) = —x =4 g1 (xy) = 1y + 1)
1 5x9y - X X 3y ’gl ’x’y _4y 4)7,
1 4 1 1
fz(t,x,y)——x+§y—§x +3y gz(txy)—

In addition, we set A(t,x, 1) = x° and A(t,x,2) = 12x6 It is not difficult to verify that Assumption 1 holds
with m; = ;, m = 4, and m = 3, and fi, f2, g1, &2 satisfy Assumption 2. Then, we have a; = g, ar» = 1and
Ui =y = 1—0, which satisfy (7) and (8). A direct computation yields

LA(txy,l)—6x (=x—x +1 2)+3 4( y+1 2)2

407 8+169 . 93 6+67 ]
STt 1Y T8t Tse)
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0.2F \}\k\ 4

0 n \ . . . . .
Time t/s
Figure 2. The exponential stability in L° of system (30).
and
1 L4, 1, 55,1
A t,x, ,2 :—_xs X+ = __x3+_ 2 +_)C4 1o2\2
LA x,y,2) =7 (=4 gy = 2x7 + 2y + 30 (7))

_ 15037 ¢ 2563 ¢ 671 o 209 ¢
= 7688 " T 26887 252" T2507

Then, we obtain

L 407 4 169 4 671 o 67
<__ —_— —_—— [—
LAWY, 0) < =X+ Y~ 3555 + 560

which means that the condition (9) holds with 2, = —%,/12 = %,/13 = %,/14 = %, W(x) = x5 W) = |y,
and g = 6. Let Ju1 = Ju2 = ls (ie, the active period of each subsystem is 1 s) and Nyo; = Ny, = 0.1. From
(11) and (12), we can compute that the constant & should satisfy 0.0953 < & < 0.7883. Then, it follows from
(10) that & = 0.4414. According to Theorem 1, the highly nonlinear SSS (30) has a unique global solution on
[-2,00) and is bounded. In addition, the system (30) is not only 6th moment exponentially stable but also
almost surely exponentially stable. Figure 2 shows that the system (30) is exponentially stable in 6th moment.
Figure 3 shows that the system (30) is exponentially stable in the sample path. Figure 4 shows the switching
signal o (7).

5. CONCLUSIONS

In this paper, the existence of a unique global solution for a highly nonlinear SSS with a deterministic switching
signal is examined by using the ADT method coupled with the MLF approach. The stability criteria of ¢gth
moment exponential stability and almost surely exponential stability of the highly nonlinear SSS are stated.
Finally, a numerical example is presented to illustrate the effectiveness of the obtained results. Inspired by
recent studies”2*3*-3¢] two further research directions have emerged: (1) Solving the problem of stability for
highly nonlinear SSSs with impulsive effects under asynchronous switching, and (2) designing a control input
function to stabilize a highly nonlinear SSS with a time-varying delay.
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Figure 3. Exponential stability in the sample path of the system (30).

25 T T T T T T T

switching signal
&

0.5 1 I 1 I I I 1
0 1 2 3 4 5 6 7 8

Time t/s

Figure 4. Switching signal o (7).
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